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Chapter 1

Background and Basic Physics

1.1 Present World Energy Consumption-crisis

There is a required and definite practical motivation behind nuclear fusion research, which
is outlined in this section. Regardless of the scientific rewards associated with the realisa-
tion of an efficient fusion reactor, there are major social and economic benefits associated
with terrestrial fusion. The worrying lack of alternatives to rapidly depleting fossil fuels
as sources for global primary energy production are described, alternatives presented, and

their advantages and disadvantages discussed.

1.1.1 Global trends

Today the majority of primary energy production depends on the burning of fossil fuels.
Tablel.1 shows an overview of the global energy production which highlights the over
dependence on fossil fuels, 80% of the present global energy production.

The combustion of fossil fuels is generally accepted as being harmful to the environ-
ment, particularly as it involves the release of C'O, which contributes to the greenhouse
effect, i.e. increased absorption of the infrared radiation emitted from the earth. This
excessive release of CO, has led to a 25% increase in the amount of atmosphere CO, in
the last 200 hundred years, from levels which were constant during the previous 1,000
years [1]. The long term effects to our ecosystem are unknown, but one of the more

immediate results is an increase in global sea levels, through the increase of the average
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FUEL CONTRIBUTION TO PRIMARY ENERGY PRODUCTION
Petroleum 39.3%
Coal 23.4%
Natural Gas 23.0%
Hydro 7.0%
Nuclear 6.5%
Others* 0.8%

* these include Geothermal, Solar, Wind, Wood and Waste electric power.

Table 1.1: Global primary energy production by fuel in 2002. [3]

global temperature which leads to a melting of the polar icecaps. For a more detailed
discussion on the greenhouse effect and other detrimental results which stem from the use

of fossil fuels, see review [2].

Fossil fuel reserves were built up over millions of years and are being consumed in
the order of hundreds of years, thus they can be treated as finite resources which are
rapidly running out. Qil accounts for almost 40% of the global energy production and
more importantly almost 100% of transport needs. As the singularly most important
primary energy source, oil reserves have been intensely studied. Over the past few decades
the mean value for the estimated ultimately recoverable (EUR) oil (historical total) is
about 2000 billion barrels (Bb) of oil [4] and 70% of the estimates fall between 2000 and
2400 Bb [5]. By the end of 2001, 940 Bb had been consumed; with the present rate
of consumption at 27 Bb per year. If oil consumption remains constant and the most
optimistic estimate of the EUR is assumed, there are only approximately 50 years of oil

reserves left, which leaves little time to find a new primary energy resource.

It is also important to note that the rising global population is putting ever increasing
strain on global energy resources. The population has risen from 2.5 to 6.1 billion in the
past 50 years and is expected to grow to between 7.3 and 10.9 billion by the year 2050 [6].
The finite fossil fuel reserve, the population explosion coupled with the present standard
of living to which mankind has become accustomed or is striving to achieve, makes it

imperative to find a new primary source of energy.
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1.1.2 Possible Solutions

Presently renewable energy sources and nuclear energy are the two main alternatives to
fossil fuels; each with their own advantages and disadvantages.

Renewable energy sources such as solar, wind, geothermal, tidal, bio-mass and hydro-
electric power stations are possibilities. Although indefinitely available, tapping into these
energy resources is problematic. Many suffer from low energy densities and can be very
susceptible to climatic fluctuations or geographical position. Photovoltaic panels are more
likely to be efficient in countries towards the equator rather that in countries towards polar
regions. However similar to wind power, they too are also very susceptible to transient
weather patterns. Tidal and hydropower disrupt local ecosystems, while the intensive use
of bio-power necessary to reach reasonable energy yields, leads to a serious loss of bio-
diversity. These problems mean that renewable energy sources will tend to complement
the primary energy sources rather than succeed then.

Another alternative to fossil fuels is nuclear energy. A nucleus consists of neutrons
and protons, but the mass of any nucleus is always less than the sum of the individual

nucleon masses. Using Einstein’s mass equation

AE = Amc? (1.1)

the difference in mass (Am) is proportional to the binding energy of the nucleus (AE)
where c is a constant (speed of light in a vacuum).

Fig.1.1 shows the variation of nucleon binding energy for different nuclei which in-
dicates that the splitting of large nuclei or the joining of small nuclei will result in the
release of energy.

Nuclear fission is the term given to the splitting of large nuclei by highly energetic
neutrons into smaller nuclei. Although large amounts of energy are made available by
this process, there are very serious dangers associated with fission power plants. During
each exothermic fission reaction extra energetic neutrons are released (/ 2.5 per reaction)
which can lead to a a runaway fission process, ’chain reaction’, Chernobyl is such an
example.

Fission produces potentially dangerous by-products and large amounts of hazardous
waste. One by-product is plutonium which is used in the construction of nuclear arms,

which even if not used, has a long lifetime and the threat remains that it might be utilised
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Figure 1.1: Nucleon binding energy verses atomic mass number.

in nuclear weapon proliferation in the future. Fission also produces large amount of waste
which are also long lived, highly radioactive and difficult to dispose of and therefore will

be an environmental worry for thousands of years.

At the moment nuclear fission reactors are the only energy source with a large enough
energy density (1kg UO; equates to 6* 10° kg of Qil) to succeed fossil fuels as the world’s
primary energy source, but the inherent dangers to the environment make this a very

unappealing solution to the future energy production problem.

Nuclear fusion is the reaction which combines two smaller nuclei into a larger nucleus.
Today’s fusion research program is centred on building a fusion reactor which will fuse
two hydrogen isotopes (Deuterium and Tritium) into a Helium nucleus. Similar to nuclear
fission, fusion reactions are highly exothermic, fusion of Deuterium and Tritium nuclei
releases more than 10° times more energy than the combustion of an equivalent amount of
oil. Unlike fossil fuels there is no foreseeable shortage in obtaining fusion fuels. Deuterium
can be extracted from ordinary seawater with a yield of 33mg of Deuterium per litre.
Only very small amounts of Tritium occurs naturally but it is easily bred by combining
the neutrons produced from fusion reactions with lithium. Neither of the fusion products

(Helium nucleus and a neutron) are radioactive therefore no primary radioactive waste is
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produced. However there is a radiation problem with fusion products in that after some
time, the surrounding vessel will become neutron activated. Research is being carried
out to minimise this by utilisation materials with a high resistance to neutron activation
such as Vanadium. Due to the the nature of the fusion process a ’chain reaction’ is an
impossibility and so accidents such as Chernobyl will never happen. For these reasons

fusion reactors are the most appealing prospect for future primary energy production.

1.2 Nuclear Fusion: Basics

The following section gives an introduction to nuclear fusion, in particular magnetic con-

finement fusion and is based on [7] [8] [9] [10] [11].

1.2.1 Reactions

Nuclear fusion research favours the Deuterium-Tritium (D-T) reaction

D43 T =5 He +n + 17.6MeV, (1.2)

where the reactants combine to form an alpha particle and a neutron which carry 17.6
MeV of kinetic energy, 1keV = 1.16 x 107 Kelvin.. As momentum is conserved the alpha

particle carries away 3.5 MeV whilst the neutron carries 14.1 MeV.

Due to the large mutual coulomb repulsion between the positively charged ions, the
fusion cross-section is very small at low energies. Fusion can actually take place at lower
energy due to quantum tunnelling of ions in the high energy tail of the Maxwellian dis-
tribution of the ion velocities. Significant thermonuclear fusion begins to takes place at
energies above 5 keV. These energies are much greater than the ionisation energy for

hydrogen (13.6 V) thus the hydrogen reactants are in the fully ionised plasma state.
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Figure 1.2: Fusion cross-section for D-T, D-D, D-He reactions versus temperature

(KeV).

A reaction’s reactivity < ov > is the product of the relative velocities of the nuclei
and the reaction cross section averaged over the Maxwellian distribution for a fixed tem-
perature. Fig. 1.2 shows the fusion reaction rates for D-T, D-D, D-He versus temperature
(keV) and it follows that the D-T reaction is the most favourable fusion reaction for initial
research. Tritium is radioactive and any D-T fusion reactor will carry an inherent risk. In
the future, it might be more desirable to look at other reactions without any radioactive

reactants, such as the D — He? reaction

°D+3 He* =3 He +1 H + 18.3MeV. (1.3)

1.2.2 Power Balance

The following sub-section briefly describes power balance equations specific to fusion
research and the criteria necessary for a D-T fusion reactor to reach ignition.

For a self sustained thermonuclear reactor it is necessary that the plasma reaches a
state where the plasma power loss Py, is equal to the internal thermonuclear heating power

P[H.
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Every D-T fusion reaction releases 17.6 MeV of energy. The 14.1 MeV neutron escapes
but the 3.5 MeV alpha particle transfers its energy back to the plasma via coulomb
interactions. For simplicity constant density n and energy (7') is assumed. The plasma
power loss P, is given by

3nTV
p=""" (1.4)

Te

where 3nT the total energy of the plasma, V' is the plasma volume and 7, is the energy
confinement time.

Ignoring bremsstrahlung radiation loss as these losses are small when compared to the
heating power of the alpha particles at reactor relevant temperatures. The alpha heating
power Prg is described by

Py = %nZ < ov > E,V, (1.5)

where F, is the energy imparted to each alpha particle The power balance in present day

fusion experiments is given by

1 3nTV
Py +n* < ov > B,V = nr (1.6)
7—8

External plasma heating Py makes up the difference between the internal alpha heating
of the plasma and the total plasma power loss. Setting this quantity to zero gives us the

criterion

12T

_ 1.
<ov>E, (17)

NTe >

which has to be satisfied for a self sustained reaction. The right hand side is a function
of temperature and gives a minimum value of 1.5 x 10%° at 30keV.
With 7. being a function of T' and the reactivity ~1.1 x 1072*T?m3s—1 between 10

and 20 keV, a more convenient ignition criterion is the fusion triple product

nt, T > 3 x 10*'m™3keV s. (1.8)

Although many experiments have reached the necessary density, energy confinement time
or temperature necessary for ignition, none have satisfied all 3 criteria simultaneously.
The Q value for a fusion experiment is the ratio of total plasma power Pr to the

external heating Pry and is a measure of how effective is the experiment
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A @ value of 5 means that the internal alpha heating is equal to the external heating.
This is due to Eqn. 1.2 where the escaping neutron holds 4 times more energy than the
alpha particle. For ignition where no external heating is required, the Q value becomes

infinite.

1.2.3 Fusion Research

Fusion reactions in present day experiments take place at very high temperatures where
conventional containment methods, using materials walls, are inadequate. There are
two main approaches to confining the fusion plasma long enough to reach thermonuclear

ignition.

e Inertial confinement fusion (ICF), where the plasma is confined by it own inertia.

e Magnetic confinement fusion (MFE), where the plasma is confined by nested toroidal

magnetic surfaces.

ICF lasers or high energy ion beams are used to heat D-T target pellets (/1-3 millime-
tres in diameter). The pellet shell then ablates causing the frozen D-T fuel to compress
(~1000 times its fluid density). With this increase in both energy and density of the D-T
fuel fusion takes place, albeit with a very short confinement time which can be measured
in picoseconds [12].

ICF was first proposed during the 1960’s and the first registered thermonuclear neutron
from laser-produced plasma took place in Lebadev Physics Institute (USSR) in 1968.
Today two major ICF experiments are being developed, namely the National Ignition
Facility in Lawrence Livermore National Laboratory, USA and the Laser Mega-Joule in
CEA, France. Each experiment will be able to deliver 1.8 MJ of 0.35 um laser light with
a peak power of 500TW to the fusion-able fuel. Both experiments under development
hope to satisfy thermonuclear ignition conditions by the end of the decade.

The tokamak is the best known MFE device, was first designed in the early ’50s by

Sakharov and Tamm. The name tokamak is derived from the Russian ’toroidal’naya
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Figure 1.3: Inertial confinement system schematic, National Ignition Facility, Lawerence

Liwvermore National Laboratory.

Transformer
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Figure 1.4: Basic schematic of a tokamak device
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kamera i ee magnitnaya katushka’, which translated means torus-shaped magnetic cham-
ber. A tokamak is an axisymmetric device which confines the fusion plasma in a toroidal

chamber by a combination of a poloidal By and toroidal B4 magnetic fields, see Fig. 1.4.

Current-carrying toroidal field coils surround the toroidal chamber which generates the
dominant toroidal containment magnetic field. A toroidal plasma current I, is setup by
using the plasma as the secondary windings of a transformer action. The plasma current

creates a poloidal magnetic field. Plasma particles then traverse the torus in helical paths.

Initially the plasma is heated resistively but as the plasma conductivity is proportional
to the 7°/2. At higher temperatures (> 1keV') this heating method is ineffective and to
reach higher temperatures additional heating methods are used. Ion cyclotron resonance
heating (ICRH) and electron cyclotron resonance heating (ECRH) can be used, however

the main heating method in today’s and future tokamaks is neutral beam injection (NBI).

Present tokamak experiments show a net loss in energy. The next step in the global
tokamak fusion initiative is to show a tokamak experiment with net energy gain. Today’s
research program is centred on the construction of the international thermonuclear fusion

experiment - fusion energy advanced tokamak (ITER-FEAT) [13].

The ITER-FEAT experiment has two main aims. First is to operate in a quasi steady-
state equilibrium with a Q-value >10 for transformer action induced I,. A transformer
induced I, restricts tokamak operation to a pulsed regime and is not the most favourable
reactor design. The second ITER-FEAT aim is to operate with a Q-value of >5 for a

non-inductively driven I,, to demonstrate the validity of a steady-state tokamak reactor.

Another MFE device is the stellarator. It is similar to the tokamak in that the plasma is
confined by helical magnetic fields. With the non-axisymmetric stellarator coils geometry
see Fig. 1.5, the helical containment magnetic field can be set up without the need of a
plasma current. This gives the stellarator the ability to maintain steady state operation
for long periods of time, unlike present day pulsed tokamaks. A major advantage of the
stellarator is that it does not suffer from disruptions ( instantaneous loss of Ip which
results in containment loss in tokamak devices). The interaction between the fusion
plasma and containment vessel is damaging to small tokamaks but could be disastrous
for a large fusion reactor. The performance of present day stellarator experiments is
poor when compared to present day tokamak experiments. Although stable stellarator

experiments do not confine the plasma very well and the next generation experiments,
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Figure 1.5: Conceptual design of W7-X stellarator, IPP Greifswald, Germany

W7-X, are being designed with enhanced plasma confinement in mind.

1.3 ASDEX Upgrade Tokamak

ASDEX Upgrade AUG, see Fig. 1.6 AxiSymmetric Divertor EXperiment, is a middle
sized tokamak which started operation in 1991 and is the successor to the ASDEX toka-
mak. AUG was designed to develop a reactor-compatible open divertor configuration with
an elongated plasma. The main experimental interests are energy and particle exhaust
physics, plasma control and disruption physics.

In AUG the plasma shape and position is controlled via ten vertical field coils and
two passive saddle field coils [14], as shown in Fig.1.7. The toroidal field is usually kept
constant during a given discharge, however a variation of up to 10% of the toroidal field
during a discharge is possible. A real-time control system is used to maintain or adjust
plasma parameters such as the the plasma position and shape. This system relies on
experimental data, such as magnetic flux values, to recover these plasma parameters and
can adjust the influence that the field coils have on the plasma to control the plasma
parameters. A comparison of the poloidal cross sections of ASDEX Upgrade and the
next generation tokamak ITER-FEAT is shown in Fig. 1.7, whilst some typical plasma

parameters and technical specifications are given in Tables 1.2, 1.3.
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Figure 1.7: Poloidal cross sections of the ASDEX Upgrade and ITER tokamaks.
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Parameter Value
Major plasma radius 1.65 m
Minor horizontal plasma radius | 0.5 m
Minor vertical plasma radius 0.8 m
Ellipticity 1.8

Triangularity (top/bottom) 0.1/0.3 since 1999 0.4/0.4

Plasma types Deuterium, hydrogen, helium

Plasma volume 14 m?
Plasma mass 3 mg
Electron density 1 x 1020 m ™3

Plasma temperature

60 - 100 x 10° degree

Table 1.2: Typical ASDEX Upgrade plasma parameters

Specification Value
Total height of the experiment 9m
Total radius overall 5m
Weight of the experiments 800 t
Material of the first wall carbon
Number of the toroidal field coils | 16
Number of the poloidal field coils | 10
Maximum magnetic field 31T
Plasma current 0.4 MA-1.6 MA
Pulse duration < 10s
Time between pulses 15-20 min

Amount of data / pulse

approx. 0.5 GByte

Plasma heating:

up to 27TMW

Ohmical heating

1MW

Neutral beam heating

Injection energy

20Mw (with 2H = D)
60keV and 100 keV

Ion-Cyclotron heating

6MW (30 MHz-120MHz)

Electron-Cyclotron heating

2 x 2 MW (120 GHz)

Table 1.3: ASDEX Upgrqée Technical Specifications




1.3.1 Tokamak: Confinement, Equilibrium and q-Profile

Confinement The spatial evolution of a particle with charge e and mass m travelling
in a magnetic field B is given by
dv

m = e(v x B) (1.10)

For a uniform B charged particles travel at a constant velocity in a direction parallel
to B and rotate in the plane perpendicular to the magnetic field. With a gyroradius r
given by
. muv

= —. 1.11
r=—g (1.11)

For typical reactor parameter values as follows, a toroidal magnetic field of 5 T and
a plasma temperature of 10keV, the Deuteron gyroradius would be ~3 mm, the electron
gyroradius would be ~0.05 mm while an alpha particle gyroradius would be ~40 mm.
Imagine a toroidal fusion device which consists of a toroidal magnetic field only, the
magnetic field has a 1/R dependence where R is the major radius of the torus. Thus
the charged plasma particles would have unequal gyroradii on the inner and outer half
of each poloidal rotation. This would cause the electrons and ions to drift to the bottom
and top of the torus and set up an electrostatic field E. The resulting £ x B plasma drift
would be catastrophic for plasma confinement. This is the reasoning behind the induced
poloidal magnetic field associated with tokamaks.

Independent of how this poloidal field is setup, via an induced plasma current in toka-
maks or non-axisymmetric poloidal coil geometry in stellorators, fusion plasma particles
travel along magnetic field lines in helical paths around the torus. The degree of this
helicity is very important to the stability of the plasma and is measured by the field line’s
g-value.

For a particular magnetic field line at a toroidal angle ¢ in a certain position in the
poloidal plane, which will return to the same position after an angle A¢, the safety factor

or g-value of this field line is defined to be

_ A

— 1.12
¢=5 (1.12)

This definition of the ¢-value is impractical, however the g-value will be discussed in
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detail later in this chapter as the recovery of the toroidal g-profile is the main aim of this

thesis.

Equilibrium For the purpose of this work the ideal magnetohydrodynamial (MHD)
model will be used. The following subsection will outline the MHD model along with its
advantages and disadvantages.

MHD is a combination of Euler’s fluid equations and Maxwell’s equations. It is a
model used to describe the macroscopic properties of an electrically conducting fluid
which is under the influence of a magnetic field, such as the terrestrial magnetic field
and the magma in the earth’s core or the influence of the solar magnetic field has on the
generation of sunspots or flares. MHD is also the basic model used in tokamak equilibrium

and stability studies.

Taking the plasma to be an ideal fluid with an adiabatic index of 5/3, the ideal MHD

equations governing tokamak equilibrium are

J
Piv. (pv) =0 (1.13)
ot
ov
,OE-I-,OV-Vv-i—Vp—JXB:O (1.14)
op 5
E-ﬁ-v-Vp-l—ng-v—O (1.15)
E+vxB=0 (1.16)
/B
E+-—— — 1.1
V x +6t 0 (1.18)
V-B=0 (1.19)

where p is the mass density, v the plasma velocity, J the current density, p is the

plasma pressure, E the electric field and B the magnetic field. Eqns. 1.13 - 1.16 define
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mass continuity, momentum balance, equation of state and Ohm’s law, respectively with
Ampere’s law (Eqn. 1.17), Faraday’s law (Eqn. 1.18) and (Eqn. 1.19) holds due to the
absence of magnetic monopoles. The displacement current is assumed to be negligible,

v’/ << 1.

For axisymmetric equilibria which are independent to the toroidal angle ¢ the magnetic
field lines form nested toroidal surfaces. For a stationary incompressible plasma without
flows /0t = pv - Vv = 0 to be in equilibrium the net force on the plasma must be zero

hence Eqn. 1.14 becomes

J x B =Vp. (1.20)

It is obvious from this equation that
B.Vp =0, (1.21)
3.Vp=0. (1.22)

This means that pressure is constant on a magnetic surface and the current lines lie along
magnetic surfaces. It is now useful to introduce the poloidal magnetic flux function 1y,

which satisfies

o = fs B.dS, (1.23)

here B is the total magnetic field and Sy is a poloidal cross section of the magnetic surface.

As 1)y is constant along magnetic surfaces

B.Viy = 0. (1.24)

Defining ¢ = 1y/27 to be the poloidal flux per radian in ¢. From Eqn. 1.21 it follows

that pressure is a poloidal flux function

p=p(¥), (1.25)

and symmetry demands a current poloidal flux function f where

f=7{) and f=RBy/p, (1.26)
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R is the major radius of the plasma.

Tokamak equilibrium calculations are based on the Grad-Shafranov equation

— Y = por®p' () + [ f' (%) (1.27)

where A*Y = (‘?;T'f — %g—f + %ﬁ’). This is the principle MHD equilibrium equation for
axisymmetric systems its derivation can be found in Appendix A and most MHD text-
books. Solutions (1) of this second order partial differential equation yield the magnetic
flux surface geometry for equilibria with specified pressure (p) and poloidal current (f)
profiles.

Ideal MHD, while extremely useful, neglects many of the plasma properties such as
heat conduction, resistivity, viscosity and particle diffusion.

Approximate analytical solutions of microscopic models are used to calculate the trans-
port coefficients. Initially it was thought that plasma heat and particles would exit the
plasma via ’collisional transport’. This process was assumed to have a very low loss rate
due to the small gyroradii of the ions and the electrons combined with the low collision
frequency of the plasma particle. Initial measurements put the diffusion rates between
103-10* the estimated value, which led to the term 'anomalous transport’. Attempts were
made to explain this discrepancy by refining the initial model to include the effects due to
the inherent inhomogeneous magnetic field, 'neoclassical transport’, but this attempt is
still out by an order of magnitude. All collisional transport studies ignore the microscopic
chaotic ‘turbulence’ fluctuations in the magnetic or electric field which can cause increase
in transport coefficients. To understand fusion plasma transport it is necessary to deal
with the microscopic plasma particle motion. As it is analytically impossible to deal with
each individual particle, models based on statistical distribution functions of each plasma

species in phase space are used.

g-profile The definition of q is given in Eqn. 1.12 is impractical, a more useful form
of q in terms of the By and By is
1 By

——ds. (1.28)

=5 ¥ RB,

Where the line integral is carried out over a single poloidal circuit. Also useful for large

aspect-ratio tokamaks of circular cross-section is the approximation
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TB¢

= 1.29
where r in the minor (poloidal) radius and R is the major (toroidal) radius. It is also

important to state that q is a flux function.

q=q(¥) (1.30)

The g-value is also known as the safety factor due to its importance in determining the
stability of the plasma. A basic example which can be used to illustrate this point is
the "Krushal-Shafranov’ stability criteria which states that the g-value at the edge of the
plasma (geqqe) must be greater than 1. However in reality geqz tends to be > 3 to avoid
the occurrence of m/n 2/1 mode, and to a lesser extent 3/1 mode close to the edge of the
plasma which is detrimental to plasma stability. Knowledge of the g-value is also central
to the study of the sawtooth instability, where the g-value at the centre of the plasma
(qo) oscillates about a value of order 1. Research is always looking at the possibility
of improving plasma confinement, specifically at advanced operating scenarios such as
improved H-modes and internal transport barrier shots. These scenarios will be discussed

in more detail in Chapter 4. Knowledge of the g-profile is essential for this work.

1.4 Motional Stark Effect Diagnostic

This section gives a brief introduction to the motional Stark effect (MSE) diagnostic [15],
[16], centring on the theory behind the diagnostic and how this is applied to tokamak
experiments, specifically the AUG experiment. For a more detailed description of various

MSE diagnostics see [15] (PBX-M), [16] (PBX-M), [11] (JET), [17] (AUG).

1.4.1 Stark Effect

The Stark effect consists of the splitting and shifting of atomic energy levels under the
influence of an external electric field, first observed by Stark in 1913 [18].

This interaction adds an extra term H' to the Hamiltonian

H =-UD=eU) r, (1.31)
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where U is a external electric field directed along the z-axis, D is magnetic dipole moment.
The Schrodinger equation for the Stark effect is

2
h o e

" 2m, (47ep)

( +eUz)y = Ey, (1.32)

which can be solved using perturbation theory.

In this work we will only be dealing with the linear Stark effect, which is relevant
for systems with degenerate eigenstates. States of equal energy which have the same
principal quantum number n and different azimuthal quantum number [ are defined to
be degenerate, specifically hydrogenic atoms not in the ground state (n > 2). In the
general case of multi-electron atoms where eigenstates are non-degenerate the first order
approximation of the Stark effect is zero and does not lead to any change of energy of the
atom. Multi-electron atoms are influenced by the weaker quadratic Stark effect, which is
irrelevant to this work.

The eigenvalue solution of Eqn. 1.32 in parabolic co-ordinates is

E = By + Sellaon(k — k). (1.33)

The relationship between the parabolic quantum numbers £, and ko, and n, m is

n=k1+k2+|m|+1;k1,k2:0,1,2... (134)

Of particular interest to the MSE diagnostic is the Balmer D, transition (n = 3 — 2)
where the Stark energy splitting is

3
AE = ieUao. (1.35)

With the n = 3 line Stark split into 5 components and the n = 2 line Stark split into 3
components the D, line splits into 15 components (8 m-components and 7 o-components).
The strong D, transitions are given in Fig. 1.8, the £50, 60, 7 lines are omitted as
these lines are of such small intensity as to be of no practical value.

Finally it is should be noted that in present day tokamaks the Zeeman effect on

hydrogenic line emission is negligible when compared to the linear Stark effect. This was

shown by [19] and [11].
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Figure 1.8:  Energy diagram for D, transition in a strong electric field. The energy split-
ting along with the related eigenstates are indicated. A schematic spectrum is also given which

demonstrates the symmetry and indicates the polarisation(o,n) of the transition lines.
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1.4.2 MSE Diagnostic and Experimental Setup on AUG

High energy (70-140 keV) neutral hydrogen or Deuterium beams are used to heat the
tokamak plasma because they are neutral and as a result the beams can traverse the
tokamak’s magnetic field and reach the plasma core. These beams experience a large
Lorentz electric field ( Ef, = Vieam X B) which leads to significant Stark splitting of the
emission lines. This effect is referred to as the motional Stark effect. As the D beam
experiences the electric field in its rest frame the motional Stark effect is equivalent to the
linear Stark effect and if the lines are viewed at an angle other than 90° they are doppler
shifted. The polarisation pattern of the Stark spectrum is a direct measure of the magnetic
field direction. From this information the internal magnetic field can be determined from
which current density related parameters can be recovered. The advantage of the MSE
diagnostic is that it is possible to recover an accurate local measurement of the magnetic

pitch angle 7.

By

tan(y) = B, (1.36)

where By, B, are magnitudes of the poloidal and toroidal magnetic fields respectively.
Alternative methods such as Faraday rotation polarimetry suffer from poor local res-
olution, due to the necessity for numerical inversion of the line integrated measurements

to recover spatial information.

The AUG neutral beam heating system consists of two injectors, each injector contains
4 positive ion neutral injectors (PINI) resulting in 4 different beams. The first injector,
SE-injector, is situated in sector 15 of the experiment while the second beam, NW-injector,
is situated in sector 7. The NBI beams can consist either of H° or D® and the maximum
total power injected into the plasma is 14 MW if H? is used or 20 MW for D°.

The 10 channel AUG MSE diagnostic observes one of the four highly collimated 2.5
MW, 60 keV ’SE- injector’ beams. The MSE diagnostic® setup is shown in Fig. 1.9.

The emitted light is focused through a set of lenses via a dielectric mirror onto 2
photoelastic modulators (PEMs) through a sheet polarizor to a fibre optic array. The

additional polarisation of the light due to the optical properties of the mirror is taken into

! The new data acquisition system indicated was not used during this work as this system was unavail-

able and has only recently entered an extended testing phase.
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Figure 1.9: (i) Ouerview of the MSE diagnostic from the top in ASDEX Upgrade, (ii)
Poloidal cross section of ASDEX Upgrade showing the MSE diagnostic
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account in the calculation of the measured pitch angle. Due to the location of the lenses
in a strong magnetic field they are constructed out of near-zero Verdet constant glass
to avoid Faraday rotation of the light. The PEMs are essentially birefringent materials
which causes the rotation of the linearly polarised light. After passing through the sheet
polariser this rotation is converted into a amplitude modulation, which is proportional to
the sine of the angle of polarisation of the incident light. By adjusting the second PEM
it is also possible for the amplitude modulation to be proportional to the cosine of the
angle of polarisation.

The light now travels along the optical fibres into a remote diagnostic centre. First the
light is filtered through an interference filter system which is tuned to the doppler-shift
of the neutral beam D, o line of interest, o lines are used to maximise the polarisation
fraction. Next a photomultiplier tube amplifies the signal. Finally, using this signal and 2
lock-in amplifiers, which are are set to the resonant frequencies of the 2 PEMs, the angle
of polarisation of the linearly polarised light () is calculated.

Due to the experimental limitations of most tokamaks, optimum MSE viewing geom-
etry is impossible to achieve. In AUG the heating beams are inclined at 4.9° to the torus
midplane so it is impossible to obtain horizontal viewing geometry. Thus the measured
MSE angle (/) is not a direct measure of the magnetic pitch angle as given in Eqn. 1.37.
The observation geometry must be taken into account and +' gives a rational function of

the components of By, B, and the radial electric field

tan(y) = A1B, + AyBy + A3B, + A4E, + AsE,
AgB, + A7By + AsB, + AyE, ’

(1.37)

where B, and B, are the cylindrical components of By, A; are the calibration geometrical
constants, F, and FE, are components of the radial electric field. The fact that the
measured angle is not a direct measurement of the magnetic pitch angle but a rational
function related to the magnetic pitch angle is important and will be dealt with in later
chapters. The spatial resolution of MSE diagnostic, which depends on the angle between
the observation lines of sight and the magnetic field at the point of its intersection with
the neutral beam, drops from 6cm at the centre of the plasma to 2cm at py, = 0.3 then
rises again to 9 cm at the plasma edge for AUG. The AUG MSE diagnostic has a sampling
rate of 1kHz but a 300Hz anti-aliasing filter combined with the fact that the diagnostic

signal is averaged over 3 time points reduces the time resolution to 3ms. The combination
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of these two facts leads to an experimentally measured error in v of +0.2° for the AUG
MSE diagnostic. The +0.2° error represents the maximum possible errors associated with
the MSE diagnostic, where in reality the MSE diagnostic error can be any value between

these bounds.

1.5 OQOutline of Thesis

The real-time recovery of plasma parameters in AUG is based on function parameteri-
zation FP, which is a method of predicting physical parameters of a system by means
of statistical analysis of a simulated dataset of the said parameters and diagnostic sig-
nals. Presently only a set of external magnetic diagnostic signals are used to recovery
AUG plasma parameters. Due to the lack of internal measurements it is not possible for
the real-time recovery system to accurately recover the g-profile. The aim of this work
is included extra diagnostic signals, specifically internal motional Stark effect diagnostic
signal, into the present FP recovery routine to accurately and rapidly recover the AUG
g-profile.

Chapter. 1 presented the practical motivation behind the nuclear fusion project. Fun-
damental fusion relevant physics was also presented, specifically the basic physics associ-
ated with the more important aspects of this work. The motional Stark effect diagnostic
and g-profile were discussed in detail.

Chapter. 2 deals with the statistical methods associated with FP and describes the
FP approach to recovering physical parameters.

Chapter. 3 describes the database analysis which was carried out and led to the FP
model. Recoveries of database simulated g-profiles are presented to illustrate the accuracy
of the FP model.

In Chapter. 4 data from AUG discharges is used to recovery AUG g-profiles via the
AUG interpretive equilibrium code CLISTE and FP methods. A comparison between the
two method is done to assess the accuracy of the new FP recovery method.

FP involves finding a dimensionally reduced set of linear combinations of the original
diagnostic measurements, which are used to build the FP model. In Chapter. 5 a new
approach to finding a more compact FP model of linear combinations of the original

diagnostic measurements, using nonlinear methods, is presented and results using AUG
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discharges are shown.
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Chapter 2

Statistical and Experimental

Background

2.1 Statistical Methods

2.1.1 Nomenclature

At this point it is important to outline some basic statistical definitions and terminology
which will form the basis of this work.

Consider the matrix X, matrices will be denoted by bold capital letters, vectors are
denoted by bold lower case letters and matrix elements are denoted by lower case letters,
where X is a n X p matrix. The data matrix is constructed from n observations of p
measurements of variables. The matrix elements z;; corresponds to the j* measurement
of the i** variable.

The sample mean value of the variable x; is denoted by X;, and is defined as

I
j=1
Similarly the sample variance of x; is denoted by s;;, and defined as

n

1

n—14%
Jj=1

V(XZ) = Sy = (xji - ii)Q. (22)

The standard deviation, or spread o of x; is equal to the square root of V(x;).
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The covariance s;; between x; and x; is

n

D (ki — %) (wr5 — %y), (2.3)

k=1

1
n—2

Sij =

si; forms the p X p covariance matrix S, the p x p correlation matrix R can be obtained

from S by defining the correlation coefficient r;; to be

Tij = S (2.4)

It is obvious from their construction that the correlation and covariance matrices are
symmetric. If the correlation matrix is equal to the identity matrix ¢;; then the p variables

are said to be uncorrelated. The closer the correlation matrix element r;; is to (-)1, the

greater the (anti-)correlation.

2.1.2 Principal Component Analysis

Principal component analysis (PCA) was first proposed by Pearson in 1901 [20] and fur-
ther developed by Harold Hotelling in 1933 [21]. PCA uses the covariance matrix (or a
covariance-like matrix) of the (n x p) data matrix X, to create orthogonal linear combi-
nations of the data with minimal loss of information. These linear combinations can be
analysed to look for the smallest subset of linear combinations which best describes the
data. This attempt to reduce dimensionality can be described as ‘parsimonious summari-
sation’ of the data. PCA is treated in many standard texts, only a brief review is given
here and is based mainly on [22], [23] and [8].

Using the spectral decomposition theorem, it is possible to write the Hermitian real
covariance matrix S, of X, as

S = GLG, (2.5)

where G is the orthogonal matrix of eigenvectors of S (the i eigenvector v; forms the 5%
column of G) and L is a diagonal matrix of the eigenvalues A2of S, M2 > A% > >
)\12, > 0. In this work G’ is transpose of G. It will be shown later that the variance of the
it principal component is equal to );2.

The r** principal component transformation is given by

o = G' (%, — X), r=1,.... M (2.6)
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where x, is the p x 1 vector consisting of the 7™® row of observations in the data matrix
X.
The i principal component score ¢,; of the vector of observations x, is given by

P

Gri = N — %) = (e —X)'1 = Y (X — X5) 75 (2.7)

j=1

Collecting all the values of the i** principal components: ¢,;,7 = 1, ...,n we get the

principal component vector
¢i = C")/i (28)

where C is the centred data matrix (X — IX').

The matrix G is orthogonal and its columns form an orthonormal basis where ~;; =
9. It follows that for the (nxp) matrix of principal component transformed measurements
¢ =CG

®d' = CGG'C' = CIC' = CC". (2.9)

This demonstrates that the principal component transformation is a length-preserving
transformation and thus equivalent to a rotation of the coordinate axes in such a way that
the new axes coincide with the directions in p-space defined by the covariance matrix’s
eigenvectors.

The covariance of ¢; and ¢; is
sij = $i¢y = % C'Crj = 7Sy = Ay (2.10)

Thus the variance of the it principal component is equal to \;2.

As will be seen in the proceeding chapters, it is useful to have an ‘overall spread’ of the
raw data. Of particular interest is the total variance of the data ) -_, s;;, also known as
the trace of S. For Hermitian matrices the trace of S is equal to the sum of the eigenvalues
of S50 3" s; = > A?. Thus principal component transformations conserve total variance
of the data.

To summarise

e Principal component transformations of data conserves length and total variance of
data and can be seen as a rotation of the data along the p-space associated with p

eigenvectors associated with S.
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e The mean of each principal component is zero (obvious from Eqn. 2.8) while the
spread of each principal component is given by the square root of its related eigen-

value.

e Each principal component is an uncorrelated linear combination of the original data.

As previously stated, it is possible to carry out PCA on either the covariance or
correlation matrix. The advantages and disadvantages of each procedure are as follows.

Covariance based PCA is particularly applicable to variables of compatible units. It
has the advantage that the units do not depend on the uncertainties and variability of
the secondary transformation. The eigenvalues of the principal components are in the
same units as the original variables. Correlation based PCA is used in situations where
the units of the variables are incompatible, but it should be noted that as the correlation
matrix does not reflect the amount of variation on a physically relevant scale, correlation

based PCA should be avoided when investigating multicollinearity.

2.1.3 Multi-linear Regression

This brief overview of ordinary least squares (OLS) multi-linear regression is based pri-
marily on [24], [22] and [8].
Consider the model defined by

Y =Xa+e e ~ N(0,1I0%), (2.11)

where Y is the n x 1 known dependent variable matrix, « is the p X 1 unknown regression
parameter vector, X is the n X p known independent variable matrix and e is the random
error matrix. It is more common for the independent measurements to be referred to
as the measurements and the dependent variables to be called the parameters when this
model is applied to a physical system.

Eqn 2.11 implies that the errors are homoscedastic (have equal random variance)
and are normally distributed and that the predictors are known exactly, which are two
important criteria for an accurate OLS regression.

The principal objective of regression analysis is to find the optimal estimates for the
regression parameters. There are several optimality criteria. One of them states that an
optimal estimator should be unbiased, i.e. its expectation value should equal the true

parameter value and it should also have the minimal covariance.
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Using the method of least squares to find an estimator, & of « the residual sum of
squares

e =(Y-Y)(Y-Y), (2.12)

is minimised, where ¥ = X@ is the matrix of fitted values of Y, and & is the matrix of
empirical residuals.

Eqn 2.12 is differentiated w.r.t. &,

se'e
o

yields the following normal equations (see [8] for a complete description of the intermediate

=0, (2.13)

algebraic steps)

X'Xa =X'Y. (2.14)

If X'X is invertible, which is not always possible and will be discussed in the following

sections, then the unique solution exists:

&= (X'X)"'X'Y. (2.15)
The estimator & is unbiased
E(&) = [(X'X)"'X'E(Y) = (X'X)"'X'Xa = a. (2.16)

As e ~ N(0,I0?), the covariance matrix of & is

V(a) = (X'X)"'o (2.17)

And it can be proven using the Gauss-Markov theorem [22] that Eqn. 2.17 is the smallest
covariance matrix of any linear estimator. Thus following the outlined optimality criteria

& is the best linear unbiased estimator (BLUE).

2.1.4 Function Parameterization

Introduction
Function parameterization (FP) is a method of predicting physical parameters of a
system by means of statistical analysis of a simulated dataset, which spans the relevant

vector space of experiments, to find a simple functional form of the parameters in terms
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of the measurements. FP was developed by H. Wind for the purpose of momentum deter-
mination from spark chamber data [25], [26]. FP was first introduced to ASDEX by B.
Braams as method of recovering certain geometric parameters from a circular plasma us-
ing magnetic measurements [10]. A magnetic measurements based FP model was created
by P.J. McCarthy for the ASDEX successor Tokamak ASDEX Upgrade [8]. FP tech-
niques have also been applied to fast equilibrium interpretations of the W7-AS stellarator
[9]. In this work the FP model will be expanded to include internal MSE measurements
which will be used to recover AUG’s safety factor profile.

FP can be broken down into three main steps:
e Generation of a simulated database of the physical system.

e Statistical analysis of the database to find dimensionally reduced set of predictors

from the measurements to describe the parameters of interest.
e Use of this model to recover parameters from real measurements.

The first two steps in this process can be very time consuming, but the main advantage
of FP is that these step can be performed ’offline’. Because of the computational simple
functional relationship between the measurements and the parameters the recovery is
very fast when compared to standard iterative equilibrium codes. Computational times
for plasma parameter recovery using the interpretive equilibrium code CLISTE [27] is
orders of magnitude greater than the recovery times using FP.

Mathematical Description

Understanding the principles of FP is central to understanding this work therefore the
excellent mathematical description of FP from Chapter 4 [10] is reproduced here.

A physical system is considered, of which S denotes a typical state. The system
may have any number of degrees of freedom, but interest will be restricted to a (partial)
characterisation by f intrinsic real parameters, represented collectively by a point y € R".
In the experimental situation y is to estimated from the readings of p measurements,
represented by a point x € R?. It is assumed that y is completely specified by S, but
that x may be a stochastic function of S, the stochasticity being due to random errors in
the measurement process. We will write y = y(5) and x = x(5).

The aim of function parameterization is to obtain some reasonably simple function,

F : ¢ — R, such that for any state S the associated y(S) and x(9) satisfy y = F(x) +e
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for a sufficiently small error term e. The functional form of F may typically be chosen
as a low-order polynomial in only a few linear combinations of the components of x. The
unknown coefficients in F are the determined by the analysis of a database containing the
values of the parameters y; and of the measurements x;, corresponding to n simulated
states S; (1 < ¢ < n). This is a problem of function fitting over scattered data in the high-
dimensional space R¢, for which the use of methods from multivariate statistical analysis
is appropriate. To a statistician the x; are the ‘conditions’, the y; are the ‘responses’,
F is a ‘regression’, and the function fitting is the multi linear regression analysis. The
terminology of the condition and the responses is very unnatural in the present context,

and instead we will refer to these as the measurements and the physical parameters.
Notes on Database Generation and Predictor Selection

FP techniques can be applied to any system that can be described by a physical
model. A computer code based on this physical model is used to generate the database
of randomly varied simulated states of the physical system R¢. It is important to note
that the accuracy of FP recovery of the system parameters depends on the accuracy of
R?. Obviously the accuracy of FP cannot exceed the accuracy of the physical model. It
is also important that R? covers all possible values of R as the FP model is likely to fail

if it is used to recover y; which is not spanned by R.

From ¢ a set of predictors is made from a dimensionally reduced set of linear com-
binations of the original measurements. It is very rare that individual measurements
x3(1 < %3 < p), where p is the number of measurements to be used in the FP model, are
uncorrelated. The inclusion of redundant measurements is detrimental to the FP model.
Including excess measurements into the model increases the model size and thus can lead
to over-fitting and an unrealistically accurate FP model. The dimension reduction method
used in this work is PCA, although it is possible to use other methods such as latent root
regression [28] and canonical correlation [22]. More insidious is that correlated measure-
ments leads to collinearity or near collinearity of the set of predictors and this causes
the FP model to become unstable [29], specifically the (X’X)~! matrix in Eqn. 2.15 can
have extremely large eigenvalues. As PCA is been used to eliminate collinearity of the
predictors it is important that the covariance matrix is used rather than the correlation

matrix for reasons stated earlier in this chapter.

Up to this point it has being assumed that the measurements x} are perfectly accu-
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rate, this is of course not realistic as there is a certain inaccuracy associated with all
measurements. Although one of the criteria necessary for an ordinary least squares re-
gression to be applicable to a problem is that the measurements be noiseless, it will be
shown later in this chapter that this criteria can be ’loosened’, if the variation of the
noise in the measurements are small relative to the variation of the measurements them-
selves. The noisy measurements can be used in choosing the optimum number of linear
combinations of original measurements p, needed to form the best set of predictors. If
multicollinearity exists between the measurements then the eigenvalues of the covariance
matrix of the noiseless measurements associated with principal components of negligible
variance, hence no predictive value, will go towards zero. The noisy measurements co-
variance matrix eigenvalues tend towards the value of the variance of the noise added
to the measurements. The random nature of the noise adds a variance to the measure-
ments which is independent of physical system and as the eigenvalues of a covariance
matrix is associated with variance of the component variables, the baseline eigenvalue
is shifted from zero associated with noiseless measurements to the variance of the noise
when analysing the noisy measurements. Thus any principal components with eigenvalues
comparable to or above the variance of the noise will have predictive value. The noise
level associated with each measurements is based on the experimental accuracy of the

diagnostic and chosen independent of any statistical methods.

Notes on the Regression Model and Practical Application

Errors in Measurements [8] For an ordinary least squares regression it is assumed
that measurements X are known exactly. But in our case there are experimental errors
associated with the diagnostic measurements being using as the basis of the FP predictors.
Here it will be shown that if the variation of the noise is small compared to the variation
of the related measurement then the optimality criteria still holds.

Consider the model defined by
Y = (X+ Ao, (2.18)

which is analogous to Eqn. 2.11 but has an extra noise n x p matrix term A. /A consists
of uncorrelated error terms A;, with A; = N(0,0). Similarly we find & to minimise the

residual sum of squares
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RSS = (Y — (X + A)a)(Y — (X + A)a). (2.19)

A is totally random and thus uncorrelated with either X or Y, the estimator for & is
given by
X+A)X+A)a=X+A)Y. (2.20)

This treatment is for normal multi-linear regression, in this work principal component

regression is used and substituting ® for X gives

a=(®'®+ no’l) '®'Y (2.21)
& = (diag(n\?) +no’l) @'Y
& = diag(n\® +no?) ' ®'®('P) DY
& = diag(1/(n\ + no?))diag(n)?)&(0)
& = diag( N’/ (N + 02))a(0) (2.22)

Each noisy regression parameter can be written in terms of it corresponding noiseless
regression parameter as

i (0). (2.23)

It is obvious from this equation that if 02 < \;®> then the noise in the measurements is

insignificant and ordinary least squares can be used.

Importance of Using a Testing Dataset For practical application of a regression
model to a physical system it is important to split the database into a training and test
datasets. The regression model is ‘trained’ on the training dataset and the accuracy of
the model is found by analysing results from the test dataset.

Intuitively, it is better to test the regression model on data which was not used to
create the regression model and thus better simulates the practical situation where the
experimental data is previously unknown prior to the application of the regression model.

In practice, the use of a testing dataset is a necessary to avoid ‘over fitting’ of the
data. The phenomenon of ‘over fitting’ leads to an very small error with regards to the
training dataset model, but also results in a poor representation of the testing dataset

model. The ‘over fitting’ is due to an overly large regression model which has been trained
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to the noise associated with the training dataset. When this ‘over fitted’ model is used
on a different set of data it performs poorly. Choosing the regression model via analysis

of a test dataset over comes this problem.
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Chapter 3

q-Profile Recovery Using FP
Methods

3.1 Introduction

This chapter outlines the FP methods used to recover AUG g-profiles. The simulated
database of AUG equilibria which the FP method is based on is described in detail. The
construction of the PCA FP model is outlined, and finally FP recoveries of AUG database

g-profile are presented.

3.2 Equilibrium Database

3.2.1 Database Generation Method

As stated in Chapter 1, ideal MHD equilibrium models for axisymmetric tokamak systems

are based on the G-S equation,

—N* () = poR*p'(¥) + f ' () = poRJy(r, 2).

For the purposes of generating the AUG FP database, the G-S equation is solved using
randomly chosen p', f f' function parameters taking into account the AUG experimental
setup.

Initially the toroidal current density J,(r, 2) is chosen to be constant Jg on a rectan-

gular block with I, = 1M A.
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The G-S equation for the plasma flux ¢,

las

—AT (dJ;las) = IU’ORJg (31)
is solved using the equilibrium flux surface topology from the initial estimate Jg.

The equilibrium flux v, is given

;q = w;las + wvac (32)
where 1,4, is the known fixed vacuum flux.
From the right-hand side of the G-S equation, the toroidal current density is generated
using the relationship
F ' (Weg)

J;(T’, Z) = Rpl(’@biq) + /,LT (33)

from which @bfqmz is generated. This

Solving the G-S equation for (J4(r, z)) yields 1

lasma’

, and wnfll is very small, at which stage

cycle continues until the difference between v equi

n .
equi
the process is said to have converged.

Although the converged equilibrium satisfies the G-S equation; post-processing tests

are carried out to check if the equilibrium is within AUG operating limits, specifically

e Coil current limits, individual poloidal field PF current and limits to inter-PF coil

forces.
e Vertical stability limits.
e Plasma size, reject tiny plasmas.

e Limits on plasma parameters; i.e. Sy, li, ... ,etc.

It should be noted that between the convergence and operation tests less than 10% of all
attempts at generating relevant AUG equilibria are successful. For a complete description

of AUG FP database generation see (Chap. 3. [8])

3.2.2 Database Vector Space Expansion

The accuracy of any FP model depends on the FP database spanning the entire vector
space of all possible states of the physical system. Previously the AUG FP recovery

system was based on magnetic diagnostic measurements, shown in Fig. 3.1
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Figure 3.1: Cross-section of AUG indicating the positions of the magnetic diagnostics.

which were used to recover AUG parameters. Thus only parameters which could be
readily identifiable by magnetic signals could be recovered accurately, such as geometric
parameters, ¢gs,...,etc. The variation in the G-S equation source profiles f f’, p’ was, prior

to this work, described by

Jy = Rqﬁap (ebp:c+0p:c2+dpw3 + gpe*(hp@Q) _i_MLR Q;af (ebfw+cfw2+dfz3 + gfe*(hfd;)?)’ (3.4)
A - -~ - 0 N ~~ -

P' (%) f1'(@®)

where iﬁ is unity at the magnetic axis and zero on the last current carrying surface, which
need not coincide with the plasma boundary, and x =1 — 1/3

The first terms in the p’ and ff’ profiles consist of a bulk plasma term comprising of
a simple power term 1&“ modulated by an exponential cubic polynomial, the second term
mainly used to describe the edge bootstrap current, is a Gaussian peak localised towards
the plasma edge.

For the magnetic signal based AUG FP where the emphasis was on recovery of flux
surface topology the variation in the G-S equation p’ and ff’ profiles was sufficient to
accurately describe the relevant AUG experimental vector space.

When recovering the g-profile by the addition of MSE diagnostic signals to the FP
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recovery routine, it was found that the variation in the p’ and ff’ profiles bulk plasma
term’s exponential cubic polynomial was inadequate for realistically describing the vari-
ation of the current density profile and related parameters, i.e. g-profile. For this reason,
a new database was generated with emphasis on increasing the variation of the p' and
ff' profiles, which would then span the relevant experimental vector space of the AUG
tokamak for the accurate recovery of the g-profile.

The f f" and p’ profiles are currently based on a set of N, linear combination of weighted

basis functions.

Ny
F1,0 () =S®). Y a;b;, (3.5)
7j=1
where N, < 25 linear combinations.
The discrete cosine transform is used to generate orthogonal basis functions (b;).

min(j, 2)

b; = cos ((Zi 1) - 1)%) i=1,m (3.6)

m
where m = 1000 is the number of grid-points for the source profiles.
The linear combinations are weighted by a geometric decay function(c;) which controls

the smoothness of the p’ profile.

o = b; ré&;y; Tdecay € [-3,0.7] (3.7)

where (}j is randomly chosen from a unit normal distribution and 74ecay is the decay rate
chosen randomly for this profile. With this scheme, the more rapidly the basis function
varies spatially, the smaller its amplitude tends to be.

Edge features are introduced by scaling the the G-S variable input current (the poloidal
field coil currents together with I, ) by a function which is unity except towards the edge.

The functional form chosen is

S(p) = (1 — e3)°. (3.8)

The fall-off length A and the decay power § are randomly chosen from the ranges A €
[0.005,0.055],d € [1,2]. The same method for solving the G-S equation is used with the
addition of the the newly parameterised p'(¢) and f f'(¢) profiles.
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3.2.3 Database Diagnostic Signals

The next step in the AUG equilibrium database generation is the post-processing step
where the relevant diagnostic signals and plasma parameters are calculated for each stored
database equilibrium flux grid.

At this point, it is necessary to outline the importance of the plasma current /, and
toroidal magnetic flux B, when generating AUG equilibrium database diagnostic signals
and plasma parameters. Scaling the G-S variable input currents by a constant factor
does not alter the equilibrium flux geometry, thus varying I, only scales By dependent
magnetic diagnostic signals and plasma parameters by a constant term. The G-S equation
is independent of B, (Appendix A) and the post-processing parameter generation step for
a magnetic-signals-only FP model normalises the plasma parameters and the magnetic
diagnostic signals to an arbitrary By of 2.5T and I, of 1MA. It is important to note that
for the magnetic-signals-only FP model it is possible to scale this system of fixed I, and
B, parameters and diagnostic signals by the corresponding I, and By to span the entire
variable I, and By operational space of AUG.

An I, and By constant database is inadequate when AUG MSE diagnostic signals

tan(Yeap)

A1B, + AyBy + A3B, + A4E, + AsE,
AgB, + A7;By + AsB, + AgE, ’

tan(Yesp) = (3.9)

are added to the equilibrium database. The tan(v.,) signals are rational functions of
B, and components of By (\/m = By). Thus to span the operational space of the
AUG MSE diagnostic it is necessary to vary I, and By in the post-processing calculation
of the MSE signals following the generation of the equilibrium fluxes. Note the E,, E,
corrections are set to zero as the expansion of the AUG MSE diagnostic setup [30], to

include the measurements of the radial electric field, is not yet completed.

3.2.4 Database Scaling

The crux of this work is the inclusion of MSE diagnostic measurements into an FP model
with a view of recovering the g-profile. In the previous section, it was shown that the
magnetic signals are dependent on I, and are independent of B4 while the MSE signals

are dependent on both I, and By . It must be decided how to best treat each diagnostic
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Figure 3.2: Scatter plots of 1, versus By used in the database generation of the MSE

signals, illustrating the population of all possible AUG operational configurations.

signal’s dependence on I, and B, in order to create an equilibrium database which can
be used as the basis of an FP model.

The first of two possible solutions would be to create a database where both sets of
diagnostic signals were generated using a variable I, and B, . A plot of I, against By, is
given in Fig. 3.2 to demonstrate the random variation of these quantities.

The extra variation in the g-profile due to the variable B, would be unrecoverable by
the magnetic signals as these are independent of By . This would be detrimental to the
accuracy of the final FP model, particularly in the region towards the edge of the plasma
where it is possible to accurately recover the edge g-profile with magnetic measurements
only, while the range of the MSE signals is limited and tends not to include the region
towards the edge of the plasma.

The second option would be to 'unscale’ the variable I, and B, MSE diagnostic mea-
surements so that the final 'unscaled’ MSE diagnostic measurements tan(y/) can be used
in a fixed I, and B, FP database, the chosen values of I, and B, are IMA and 2.5T
respectively.

Before carrying out the unscaling of the MSE signals, it is important to note that there
is a constant geometric offset angle, due to the vacuum toroidal magnetic field, associated
with each of AUG’s MSE diagnostic signals tan(Yezp)-

For ‘ideal”’ MSE signals
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B, I
tan(Videa) = B—Z o B_:,’ (3.10)

in a toroidal magnetic field (By = I,, = 0) the MSE signal is zero. For a toroidal magnetic
field the rational functional form of tan(7esp) simplifies to the constant term

Ay

tan(Yoffset) = e (3.11)

It is necessary that this offset term be subtracted from the tan(v.yp,) prior to the unscaling
of the database angle. If it was not subtracted, the constant term would be dependent on
the variation of I, and B, and so cause added variance to the 'unscaled’ angle tan(y/) .
This added variance would hinder the recovery of plasma parameters as this variance is
independent of the plasma and would act as noise.

The relationship between tan(vigeq) and I, , By is assumed to hold for tan(vVmeas)

where tan(Vmeqs) is defined as

tan(Vmeas) = tan(Yesp) — tan(Yos fset)- (3.12)

Unscaling becomes the simple matter of multiplying tan(ymeqs) by the reciprocal of its
relationship with I, and By , followed by normalising the angle to a constant I, of 1IMA
and By of 2.5T. The "unscaling’ of the MSE diagnostic is summarised

A2> B,

tan(yr) = (tan (Yeap) — A, (3.13)

and the final angle tan(y/) is included in the constant I, and B, database.

Fig. 3.3 illustrates the variation and mean values of the 10 AUG MSE channel for the
four different scaling scenarios; constant I, and B, of IMA and 2.5T, variable I, and B,
(.35MA-1.25MA, 1.4T-3.2T), unscaled variable MSE angle minus the baseline and finally
unscaled variable MSE angle including the baseline.

The MSE channels are labelled so that channel 1 is the outermost channel and channel
10 is towards the centre of the plasma. Channel 10 is not always the central channel due
to the geometric variation of the plasma centre in the database. From the mean values of
tan(v), it is obvious that the mean value of the centre of the plasma is actually between
channel 8 and channel 9. A trend seen in each scenario is that the variance of the angles
decreases towards channel 10 and the variance of the final three MSE angles are the lowest

and almost constant for each scenario. This is due to the MSE dependence on the By .
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The MSE angle is proportional to By and towards the centre of the plasma By goes to
zero, therefore the variation of the measured MSE angle close to centre of the plasma is
small. This fact will be shown to be of great important when calculating the error bars
associated with the inner g-profile using MSE measurements as the primary diagnostic.
Central to the 'unscaling’ of the MSE angles is the assumption that relationship be-
tween tan(Vigea) and I, , By , holds for tan(vmeqs) - While this is not totally correct,
due to the rational dependence of the tan(7Vmeas) on I, and By , it can be seen that the
spread of the tan(+y/) and tan(’y)IP,B pconst. 18 almost identical, thus this assumption is valid

for this purpose.

(i)

Spread
&N
\
\

MSE channel index
(ii)

T T
Constont Ip ,B¢

Unscaled angle (including boseline)

Mean

MSE channel index

Figure 3.3: (i) Spread of AUG MSE signals for various I, and By scalings. (it) Mean
values of the same signals for the different I, and By scalings. Note the spread in ‘un-

scaled’ (minus baseline) signals is very similar to that of the constant I, and By, signals.
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3.2.5 AUG FP Database Summary

Following the testing of randomly generated AUG equilibria the FP database consists
of 3443 observations. The database contains single null lower divertor and single null
upper divertor AUG equilibria. These are plasmas where the separatrix (last closed flux
surface) X-point is adjacent to the lower or upper divertor respectively, as in Fig. 3.4.
AUG is configured for divertor plasmas which leads of the greater control of the influx
of impurities over physical limiter plasmas. Plasma impurities lead to energy loss from
radiation and also to fuel dilution. An important source of impurities is sputtering from
material surfaces, so it is important to distance the plasma from the vacuum vessel. Two
techniques are currently used, the first is to define the outer boundary by a material
limiter, while the second is modify the magnetic field to produce a remote magnetic
divertor. In a limiter configuration the last closed flux surface is defined by the material
limiter itself and thus neutral impurity atoms released from the surface are able to directly
enter the confined plasma. In a divertor plasma the last closed flux surface is remote from
the divertor itself and so does not suffer from this problem. Also as the outgoing particles
target surface is separated from the plasma, impurity back-flow is restricted, which is an
advantage when purging the plasma of intrinsic impurities, such as a-particles. Many
divertor configurations are possible, but AUG works with a toroidally symmetric poloidal

field divertor.

While all AUG shots start and end with transient limiter phases, the vast majority of
shot have a flat top divertor configuration. Divertor configuration plasmas are associated
with improved confinement of the plasma, specifically H-mode, improved H-mode and in-
ternal transport barrier ITB shots!. Limiter plasmas are associated with low confinement
of the plasma, L-mode shots, although it also is important to note that I'TB shots are
possible in limiter plasmas. Also AUG was designed to be an (ITER) reactor-compatible
experiment, which itself is designed for a divertor configuration operation. For these

reasons, only single null upper and lower divertor plasmas are considered for this work.

LA description of AUG shot scenarios is given in chapter 4
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Figure 3.4: AUG toroidal cross-section showing the magnetic flux surfaces for an (i)

upper divertor and a (ii) lower divertor shot.

x? classification of database equilibria To best describe the variation of the
safety factor profile in the FP database a x? based statistic of the distribution of the
diagnostic measurements will be used. For each equilibrium, the p measurements span p
dimensional space. For our purposes, the set of PCA eigenvectors of these measurements
form an orthogonal set of basis vectors which span this space, with each principal com-
ponent vector ¢; a projection along these basis vectors. Each of the p individual ¢; are
standardised by the root eigenvalue of the vector basis function (A\?). These values are
mutually independent standard normal variables and thus the variable > 2 | <%)2 has a
x? distribution with a mean of p and variance of 2p [31]. As a reduced set of ¢; cover

almost all of the variance (> 99%) of the measurements in the database a reduced x>

distribution is used.

, | red 8\ 2
Area = red zz:; (/\—Z> ; (3.14)
where red is the number of ¢;?> needed to explain the majority of the variance of the
measurements; 5 out of 10 (99.92% of the variance) in the case of the MSE diagnos-
tic measurements. The value of the reduced x? distribution is 1 at the centre of the
equilibrium database.

The database includes plasmas with wide range of physical size and current den-

2For the remainder of this work the principal components ¢; will be referred to as PCs, this is to avoid

confusion with toroidal cylindrical co-ordinated ¢
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Figure 3.5: illustrates the variation in database g-profiles. (i) shows the magnetic flux
surfaces for the equilibrium with the minimum x* value (0.016) in the database, (ii) show
the g-profile for the same equilibrium; (iii), (iv) show the flux surfaces and the g-profile for
the database equilibrium with a x* value clddest to 1; (v),(vi) show the fluz surfaces and
the g-profile for the database equilibrium with the mazimum x?* value (34.434).



sity dependent parameters. The database variation of several important AUG parame-
ters is given in Table 3.1 , including the position of the magnetic axis(Rmag, Zmag), the
innermost(R;,) and outermost(R,,;) position of the plasma boundary along the radial
direction, the plasma volume(V'), the plasma stored energy(W,,na), By, the safety factor

value at axis and towards the edge of the plasma(qy, gos)-

Parameter Unit Mean Spread Min. Max.
Riag m 1.740  0.048  1.584 1.890
Zmag m 0.062 0.093 -0.191 0.291
R, m 1.205 0.074 1.047 1.415
Ry m 2129  0.040 2.050 2.205

V m?  10.038  1.417  6.793 15.652

Bo 2.080 0.856  0.408 4.054
Winhd MJ 0.983 0.546 0.038 2.112

o 1.039  0.732  0.122 5.810

495 3.149  0.720 1.694 6.336

Table 3.1: AUG FP database parameters

3.3 FP Model

3.3.1 Preliminary Analysis

The first step in constructing the FP model is to decide how to best recover the g-profile.

It will be shown that recovering the ¢ profile, which is the local inverse of the g-profile,

= 3.15
¢=— (3.15)

is preferable to a direct g-profile recovery. This is due to the highly heterscedastic nature
of error propagation in a direct g-profile FPJ regression.
Assuming a circular plasma cross-section, q can be approximated to be

. 1 B¢ ~ T’B¢ .
1) = 5 ]{ 7B, ~ 7B, = 1)

This relationship can be re-expressed
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o) = (3.16)

where y(r) is the local magnetic pitch angle Byg/By, and €(r) is the local inverse aspect

ratio € = r/R. Similarly

p =1
€

(3.17)

The errors associated with € and v are de and d7 respectively. Basic differential error

analysis of Eqns. 3.16 and 3.17 yields the following results (forcing all terms to be positive)

0q =

A=

(¢°07 + gde) (3.18)
1
dt = 2(57+ t Je€) . (3.19)

Most insidious to an OLS ¢ regression is the first term in Eqn. 3.18 ¢?07/e where the
error in ¢ is proportional to ¢?. This shows that the errors associated with recovering the
g profile directly are heteroscedastic, i.e. the ¢ error variance scales as ¢*. As stated in
chapter 2, it is important that the errors are homoscedastic for an accurate OLS regression.

Eqn. 3.19 shows that an + regression doesn’t suffer from the same problem as 6+ o
d7/e. If the regression is carried out at fixed, or approximately fixed, € intervals, then the
second term of Eqns. 3.18 and 3.19 can be neglected and the errors associated with an
t regression would be homoscedastic.

At this point it is necessary to determine what is the best co ordinate over which to
recover t. Although p, tends to be the co-ordinates of choice when working with the ¢
profile, it is not the proper co-ordinate with which to recover the ¢ profile using MSE
based FP methods.

The ¢ regressions are carried out at fixed values of a geometric flux surface p,,;4 defined

as the normalised mid-plane diameter of the flux surface

Rout (V) — Rin(¢)

midplane plasma diameter’

Pmid = (320)

Pmia 18 determined by by the flux surface topology, which is already reasonably de-
termined by the magnetic measurements and thus the geometric position of each local ¢
value is known. This is necessary to optimised the recovery of ¢+ profile using the MSE

diagnostic as the primary diagnostic, as the MSE diagnostic channels are fixed in space.
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By contrast p, depends on the current density and hence | 7 |, thus the absolute
position of the + profile is unknown over these co ordinates when recovering the profile

using the MSE diagnostic and thus is detrimental to its recovery.

It should also be noted that pmiq varies little for fixed ¢ and thus when using this
co ordinate system it is possible to ignore the second terms in Eqns. 3.18, 3.19 which is

assumed in the previous analysis.

3.3.2 FP Model Construction

Diagnostic Signals The FPJ model is based on 10 MSE diagnostics measurements
signals and 46 magnetic measurements signals. The MSE diagnostic measures the local
magnetic pitch angle v, thus is the primary diagnostic used for the recovery of the g-
profile. The MSE diagnostic channels are fixed in space, so it is necessary to know the
position and shape of the plasma relative to the MSE channels for an accurate recovery of
the g-profile. For this reason, the magnetic signals are necessary. Previous work, [8] and
[10], has shown that with magnetic diagnostic based function parameterisation models,
it is possible to accurately recovery the shape and position of the plasma. Also with
magnetic diagnostic signals it is possible to recover the g-profile towards the edge of the
plasma, it is rare that the MSE channels span the outer edge of the plasma, thus the MSE

channels are unable to accurately recover this part of the profile.

Measurement Noise The simulated diagnostic measurement signals in the FPJ
database are the exact values associated with the database equilibria. For use in an FP
model it is important to add simulated noise to these measurements. For a database
model to reflect accurately experimental scenarios, it is necessary for the simulated mea-
surements to have a similar uncertainty associated with the experimental signals. As the
FPJ database is a subset of all possible experimental scenarios, it is also important to
overcome the possibility of any small random correlation between the measurements in
the database which does not reflect reality [29]. This effect would artificially improve the
regression results but is drowned out by the addition of noise to the ideal measurements.
For the MSE signals this noise is < .2°, while for the magnetic signals this experimental

uncertainty is 1mT.
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Independent Plasma category Regression Models The FPJ database consists
of single null upper divertor and single null lower divertor plasmas. For convenience
these plasmas will be referred to, in local jargon, as category 3 and category 4 plasmas
respectively®. To optimise the recovery of the separate plasma category g-profiles the
database was split into two. Separate category 3 and category 4 PCA was carried out and
the corresponding regression models were built. The reasoning behind this was that global
category regressions were found to produce poor g-profile recoveries and separate category
PCA optimises the PCs to yield the best regression model for each independent g-profile
category recovery. The final results for each regression are presented in the results section
of this chapter. Analysis from the category 3 plasma database subset is used to illustrate

to intermediate steps leading to the final regression model.

Principal Component Analysis PCA of the Measurements The covariance
based PCA results for the category 3 plasma subset are presented in Table. 3.2 in the
form of the eigenvalues of the noiseless measurements *. Also shown is the culumative
variance of the entire set of measurements and the highly collinear nature of each set of
measurements is demonstrated. Only 4/10 PCs are needed to explain > 99% of the total
variance for the MSE diagnostic signals and only 13/46 PCs are needed for the magnetic
signals, indicating the high correlation and thus high collinearity between individual mea-
surement signals. As stated in Chapter 2, for a regression with collinear measurements,
X'X is of less than full rank, the inverse matrix in Eqn. 2.15 will not exist and therefore
the regression coefficients will be undetermined. Even in the case of near collinearity
where the eigenvalues can approach zero, the large eigenvalues of the inverse matrix will
render the regression coefficients unstable [29]. Thus for the purpose of generating a ro-
bust FPJ regression model it is necessary to carry out PCA of the measurements to form

PCs prior to regression analysis.

FP Regression Model In previous work [8] [9] [10] , low order polynomials have
been sufficient for accurate recovery of fusion plasma parameters. It has also been shown

to be possible to recover some global parameters using a linear model, with reasonable

3Category 1 and 2 plasmas refer to limiter plasmas and are beyond the scope of this work
4The noisy measurements will be scored with the eigenvectors associated with the noiseless PCA when

constructing the PCs
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MSE measurements eigenanalysis

PC index Eigenvalue Cumulative
degrees?  Variance %
1 31.6317940 68.68
2 11.8077780 94.31
3 2.0009544 98.66
4 0.4592399 99.65
) 0.1241849 99.92
6 0.0258699 99.98
7 0.0063499 99.99
8 0.0025268 100
9 0.0007310 100
10 0.0002235 100

Magnetic measurements eigenanalysis Magnetic measurements eigenanalysis

PC index Eigenvalue Cumulative PC index Eigenvalue Cumulative

T? Variance % T? Variance %
1 0.07758863 36.36 16 0.00030101 99.89
2 0.04042881 55.31 17 0.00009121 99.93
3 0.03828662 73.25 18 0.00007997 99.97
4 0.01927910 82.29 19 0.00003476 99.98
5 0.01208639 87.95 20 0.00001854 99.99
6 0.00898383 92.16 21 0.00000822 100
7 0.00466397 94.35 22 0.00000300 100
8 0.00376906 96.12 23 0.00000265 100
9 0.00253715 97.30 24 0.00000053 100
10 0.00170566 98.10 25 0.00000024 100
11 0.00098224 98.56 26 0.00000007 100
12 0.00082576 98.95 27 0.00000004 100
13 0.00079043 99.32 28 0.00000002 100
14 0.00048821 99.55 29 0.00000001 100
15 0.00041957 99.75 30 0.00000001 100

Table 3.2: Eigenanalysis for MSE and magnetic measurements
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Figure 3.6: Plots illustrating the PCA of the MSE and magnetic diagnostics. Fig.(i)
shows the trend of logio of the MSE PC' eigenvalues for various noise levels while Fig. (ii)
shows the culumative variance for the MSE PCs. Fig.(iii) and Fig.(iv) are the same

tllustrations but for the magnetic PCs
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accuracy, however there is a marked improvement with a full quadratic model:

N N N
\i:l , j:l 1=1,5>1
Li;;ar Qua;i;atic Bil%ear

where y is the physical parameter of interest, ay, a;, b;, ¢;; are the regression coefficients, N
is the number of PCs used in the model (as of yet undetermined) and PC' are the principal
components of the measurements. The small improvement associated with a cubic fit is
offset by the increase in model size. For a quadratic model there are (N + 1)(N + 2)/2!
fitted parameters but this increases to (N + 1)(N + 2)(NN + 3)/3! for a cubic model.
This dramatic increase in fitted parameters decreases the number of degrees of freedom
associated with the regression model based on a database with a limited number of degrees
of freedom. For the optimum balance between accuracy and compactness a full quadratic
model is chosen. The full quadratic model can be written more succinctly, if PCj is

defined to be unity, as
N N

Yy = ZzaijPCiPCj, (3.22)

i=0 j=i

For a more detailed discussion about model size see [8].

Selecting the Optimum Number of PCs Next the optimum number of PCs for
the the FP regression model must be chosen. The PCA is a very useful tool in deciding
the number of PCs needed to create the full quadratic set of predictors. Figure 3.6 (i) and
(iii) shows the trend of logyq of each PC eigenvalue with increasing amount of noise added
to the measurements for MSE and magnetics signals. It is obvious from the 'flattening’ of
the logy eigenvalue plots, that as the eigenvalues become small the PCs become ’drowned
out’ by the random noise added to the measurements. In the MSE plot, for a noise level
of .2° a distinct deviation of the PCs is seen after the 5 PC and flattening occurs after
the 7" PC for the larger noise levels. Similarly in the magnetics plot with noise of 1mT
a deviation in PCs occurs after the 20" PC and a flattening occurs after 23"¢ PC. This
analysis whilst not definitive, shows that there is a definite cutoff point for the addition
of PCs. The addition of PC below the 'noise cutoff level’ would add no new predictive
information to the model and would be detrimental to the stability of the model.

It is now necessary to present FP regression results and therefore it is necessary to

introduce additional statistical ’jargon’ which will be used to quantify the regression
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results. For a given variable with spread o, the sum of square error (SSE) for a model
fitted over n observations with p fitted parameters is defined to be the sum of squared
differences between the actual and recovered values. Then the adjusted root mean square
error RMSE = \/m and the adjusted coefficient of multiple correlation R? =
1 — RMSE?/o?. 1t is necessary to adjust the RMSE and R? values to take into account
the degrees of freedom lost p in calculating the regression model The percentage error
% error is defined as 100 x (RMSE /o) or equivalently 100 x v/1 — R2. The physically
relevant quantity is the RMSE but for statistical purposes the % error is important as the
goodness of fit of the model is based on the amount of spread of the recovery parameter
explained by the model.

The SSE of the model is a good measure of accuracy of the model to the fitted data,
but suffers from the danger that the tested data is the same data that is used to fit the

model in the first place, thus the result will be biased.

Test and Training Datasets As stated in Chapter 2, to gain an accurate represen-
tation of model fit, it is necessary to break the database into a test and training set and
use the RMSE of the test dataset as the basis for determining model accuracy. There are
many different methods of doing this, but for the purpose of FPJ it was decided to use the
method of cross-validation [32]. The database was partitioned in 6 equal sized sections®.
The FP model was regressed against 5 of the sections (training set) of the database and
the regression results were tested against the remaining section of the database. This pro-
cedure was repeated for all the possible choices of the test dataset. The RMSE for each
iteration was calculated. Note as the number of degrees of freedom in the test dataset is

equal to the number of observation ng.; i.e. there is no need to adjust the RMSE, thus

the RMSE = \/SSFE/(ns) and corresponding quantities follow suit.

Determination of the Number of Magnetic PCs Initially only regressions with
magnetic based PCs were performed, with an experimentally relevant added noise level of
1mT'. It is possible to accurately recover the outer ¢ profile with magnetics only, although
it is difficult to determine exactly how far into the plasma the magnetic measurements

can accurately determine the ¢ profile. The region (0.80pmi4 — 0.95p104) Was used to

5The partitioning into 6 sections was an quasi-arbitrary decision based on the size of the model and

size of the database.
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test different regression model sizes with the aim of choosing the optimum number of
magnetic PCs. The results are shown Fig. 3.7, where the % error in recovering + at 4
fixed ppiq positions towards the edge of the plasma is plotted against increasing numbers
of PCs. Both the % error from test and training cases are given along with the standard
deviation of the % error of the test case. In each case there is a general trend that adding
magnetic PCs to the regression model decreases the % error for the biased training case,
but there is a definite local minimum associated with the test case’s % error. For both
Figs. 3.7(iii),(iv) the local minimum is centred at the 20 PC while in Figs. 3.7(i),(ii)
the local minimum appears closer to the 25 PC. It was decided to take only 20 magnetic
PCs for the final FPJ model as the improvement in recovering ¢ at the positions py;4(0.80
and 0.85) with more than 20 PCs is offset by the increase in % error in the ¢ recovery
at the outer positions p,;4(0.90 and 0.95). A 3D representation of the variation of test
dataset % error of ¢ along p;s due to increasing number of magnetic PCs added to the
FP model is given in Fig. 3.8 , which highlights the global minimum in the recovery of
the + profile along the 20" PC axis. The ¢ recoveries in Fig. 3.8 are presented over the

co ordinates 1 — pp,;4 to better illustrate the global minimum.
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Figure 3.8: 3-D illustration of the variation of the test dataset % error of + regression
along pmiq due to increasing number of magnetic PCs added to the FP model. Grid lines

are plotted for even PC indices from 2 to 30.
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Determination of the Number of MSE PCs Initially the MSE PCs were then
added into the original regressions model (20 magnetic PCs) in a stepwise manner. It
should be noted that with the inclusion of the MSE PCs valid regressions results now
encompass the entire profile and not just the outer region. The results for the joint
magnetic and MSE regressions are shown in Fig. 3.9, which is an identical representation
to Fig. 3.7 differing only in that the regressions are for the regions p,,:4(0, .25, .50, .75,.95).
From Fig. 3.9(i),(ii),(iii),pmia(0.0 — 0.5), the local minimum appears closer to the 25%
PC, which is equivalent to having 5 out of a possible 10 MSE PCs in the FPJ model. This
region spans pmq(0 — .5) which is the region of associated most with the MSE channels.
For Figs. 3.9(iv),(v),pmia(0.75 — 0.95), the local minimum appears with smaller numbers
of PCs. This is due to the limited range of the MSE channels along the p,,;4 axis where
the addition of MSE PCs does not add any more useful information for the recovery of
the ¢ profile in this region. The ¢ recovery in this outer region does not suffer much from
the addition of 5 MSE PC so for the FPJ model it was decided to use 5 MSE PCs. A 3D
representation of the variation of test dataset % error of + along p,;q due to increasing
number of MSE PCs added to the FP model is given in Fig. 3.10, which highlights the
local minimum in the recovery of the ¢+ profile along the 25 PC axis. The + recoveries
in Fig. 3.10 are presented over the co ordinates 1 — p,,;4 to better illustrate the global
minimum.

To summarise, 20 magnetic PCs and 5 MSE PCs were chosen to form the basis of the

quadratic set of predictors in Eqn. 3.22.
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Figure 3.10: 3-D illustration of the variation of test dataset % error of + regression
along pmiqa due to increasing number of MSE PCs added to the FP model. Grid lines are
plotted for PC indices from 21 to 27, indicating the incrementation of MSE PCs to the
FP model.
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Preliminary Analysis Reviewed: Prior to the construction of the FPJ model

certain assumptions were made, specifically the following:

e It is more correct to recover the g-profile via an ¢ regression and inverting the

answer rather than a direct g-profile regression.

e It is better to recover the t profile on pq co-ordinates rather than on p, co-

ordinates.

e The dependence of the + recovery accuracy on e is negligible when it is recovered

OVer pPpiq co-ordinates.

Now that the FPJ regression model is decided, it is possible to test these assumptions.
In Fig. 3.11(i), (iii) the % error of the test and training cases for an #-profile and
a g-profile regression over p,,;4 co-ordinates are respectively plotted. From inspection it
is obvious that the ¢ profile is the correct choice as for every single point plotted the ¢
profile is better recovered than the g-profile. In Fig. 3.11(i), (ii) the % error of the test
and training cases for ¢ -profile regressions over p,,;q and p, co-ordinates respectively are
plotted. Also shown is the spread of the test case’s % errors. These graphs illustrate the
advantage of recovering the ¢-profile on pp,iq co-ordinates rather than on p, co-ordinates.
It is not possible to compare both profiles directly as pmiq and py are different co-
ordinate systems however they are both defined along the magnetic axis so it is possible
compare the trend of each graph if not the positions. Both graphs exhibits the same
general trend in that the maximum % error is at the centre of the plasma, where towards
the centre of the plasma the error associated with the MSE signal approaches or can be
greater than the MSE signal itself. The % error then decreases monotonically to a local
minimum (due to the MSE channels information) then rises (due to the limited radial
coverage of the MSE channels) and finally the % error decreases to a global minimum at
the very edge of the plasma, as ¢+ at the plasma edge (piq = .95) is essentially determined
by the total plasma current. It is possible to compare the local minimums of the % error
profiles where the local minimum of p,,;q4 % error profile situated at p,,;q = .45 and is
20% less than the equivalent local minimum of the p, % error profile which is situated
at py = .7. If the general shape of each profile is taken in account, the p,,;4 profile has

a broad local minimum while the p, has a very localised minimum. Although this is not

66



€Pmid €Mean €Spread €Min  €Max de Spread/Mean
0.00 0.000 0.000 0.000 0.000 0.00 0.00
0.25 0.088 0.011 0.065 0.146 0.003 12.5
0.50 0.179 0.020 0.133 0.291 0.004 11.2
0.75 0.279 0.028 0.209 0.414 0.003 10.0
0.95 0.384 0.035 0.291 0.528 0.004 11.0

Table 3.3: Database summary statistics of € variation for category 3 plasmas along pmiq

co ordinates

the only or even the most important reason to recover + on p,,;4 co ordinates rather than
P it is more accurate to recover ¢ over pPpq-

Finally the effect € has on recovering ¢ can be seen to be negligible in Fig. 3.11(iv)
where the € weighted and unweighted ¢ regressions are plotted on p,,;4 co-ordinates. There
are no major discrepancies between both profiles, except in the region where < .15p,,i4-
Thus weighting the regression w.r.t € is not necessary. This can be explained that although
the ¢ recovery depends on € the spread is small compared to the actual values of €, shown
in Table 3.3, € can be treated as quasi-constant at least when it comes to recovering the

t profile along p,,i4-

3.4 Database Results

This section presents the results from the PCA based FPJ model.. The FPJ model consists
of 25 PCs, 20 magnetic PCs and 5 MSE PCs, which form the basis for a full quadratic FPJ
model, used to recover the ¢ profile along p,,;4 co ordinates. The results from category 3
and category 4 plasmas are presented individually. First the basic regression results are
shown, followed by an interpretation of the ¢+ errors associated with the FPJ regression
and the intrinsic ¢ errors associated with the MSE diagnostic. Finally a random sampling

of + database profiles with the corresponding g-profile recoveries.

3.4.1 PCA Based FPJ Regression Results

Category 3 plasma database summary statistics, including mean, spread max and min

values, for + profile along p,,;4 co ordinates are given in Tables 3.4, 3.5. Also presented are
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the results from the category 3 FPJ regression including the RMSE and the % recovery
error. While the tables present an numerical representation of the FPJ recovery of ¢, it
was decided that a graphical representation of the data better illustrates the accuracy and
the ¢ profile recovery trends and category 3 and 4 FPJ regression results are presented
in Fig 3.12.

Fig. 3.12(i),(ii) illustrate the recovery of ¢ profile along p,.q for category 3 and 4
plasma, respectively. The database mean of the ¢ profile flanked by the RMSE of the
FPJ recovery and the spread of the database demonstrates the accuracy of the recovery
relative to spread of the database.

Fig. 3.12(iii),(iv) illustrates the trend of the % ¢ error recovery over the ppiq co
ordinates for category 3 and 4 plasmas, respectively. It should be noted that Fig. 3.12(iii)
is identical to the test % error presented in Fig. 3.11(i).

Fig. 3.12(v),(vi) presents the corresponding errors associated q-profile recoveries using
the + regressions. The g-value errors are the local maximum and minimum value of q ¢+

associated with the recovered local #. The q value errors are calculated using the formula

1

_— (3.23)
t + t RMSE

g+ =

From Eqn. 3.23 it follows that the q errors are asymmetric around the database mean
value of q, in particular ¢, tends towards the maximum spread band of the database in
the central region of the plasma.

Finally it is noteworthy that in all 3 plots, the trends in category 3 and 4 plasmas are

identical.
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Pmid  t Mean tSpread tMin tMax tRMSE ¥ %error
0.00 1.463 1.051 0.187 8.188 0.362 34.4
0.025 1.463 1.050 0.186 8.182 0.361 34.4
0.050 1.460 1.048 0.183 8.162 0.356 34.0
0.075 1.453 1.042 0.183 8.121 0.349 33.5
0.100 1.446 1.033 0.182 8.047 0.336 32.5

0.125 1.438 1.020 0.181 7.926 0.298 29.2
0.150 1.429 0.999 0.180 7.733 0.262 26.2
0.175 1.418 0972 0.181 7.450 0.231 23.8
0.200 1.404 0.938 0.187 7.059 0.208 22.2
0.225 1.388 0.897 0.199 6.575 0.186 20.7
0.250 1.367 0.850 0.214 6.068 0.168 19.8
0.275 1.341 0.798 0.230 5.650 0.154 19.3
0.300 1.310 0.743 0.235 5.152 0.148 19.9
0.325 1.276 0.688 0.234 4.615 0.134 19.5
0.350 1.238 0.634 0.233 4.071 0.122 19.2
0.375 1.198 0.583 0.234 3.576 0.110 18.9
0.400 1.157 0.534 0.236 3.351 0.099 18.5
0.425 1.115 0.490 0.239 3.160 0.089 18.2
0.450 1.073 0.448 0.245 3.036 0.081 18.1
0.475 1.032 0.410 0.252 2.898 0.074 18.0

Table 3.4: Category 3 plasma database summary statistics and PCA FPJ recovery errors
for the ¢ profile along pmiq
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Pmid  © Mean tSpread tMin tMax tRMSE ¢ %error
0.500 0.990 0.373 0.261 2.747 0.070 18.8
0.525 0.949 0.340 0.271 2.586 0.066 19.4
0.550 0.908 0.309 0.282 2.416 0.062 20.1
0.575 0.868 0.280 0.292 2.241 0.058 20.7
0.600 0.827 0.253 0.301 2.065 0.055 21.7
0.625 0.787 0.229 0.308 1.890 0.051 22.3
0.650 0.748 0.206 0.313 1.717 0.049  23.8
0.675 0.709 0.186 0.316 1.550 0.045 24.2
0.700 0.670 0.168 0.315 1.390 0.041 24.4
0.725 0.632 0.152 0.298 1.266 0.037  24.3

0.750 0.594 0.138 0.276 1.178 0.033 23.9
0.775 0.558 0.125 0.260 1.090 0.029 23.2
0.800 0.521 0.114 0.247 1.002 0.027 23.7
0.825 0.486 0.104 0.239 0.914 0.024 23.1
0.850 0.451 0.095 0.232 0.826 0.022 23.1
0.875 0417 0.086 0.226 0.739 0.018 20.9
0.900 0.383 0.078 0.210 0.654 0.015 19.2
0.925 0.349 0.071 0.191 0.576 0.011 15.5
0.950 0.313 0.063 0.171 0.521 0.007 11.1

Table 3.5: category & plasma database summary statistics and PCA FPJ recovery errors

for the ¢ profile along pma (contd.)
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Figure 3.12: (i) Illustrates the accuracy of the FPJ recovery of category 3 plasma’s ¢
profile by comparing the RMSE and the spread of + around its database mean value; (ii)
illustrates the same for the category 4 plasmas; (iii) presents the v recovery % error along
Pmia for category 3 plasmas, (iv) presents the same for category 4 plasmas; (v) illustrates
the accuracy of category 3 plasma’s corresponding q-profile recovery; (vi) illustrates the

g-profile recovery for category 4 plasmas andZthe asymmetry of the errors is noteworthy.



3.4.2 Error Analysis

Intrinsic Database Errors There is a finite accuracy associated with any mea-
surement of a physical quantity. The accuracy of the MSE diagnostic measurement of the
magnetic pitch angle v will be discussed and the limitations of recovering the ¢ ,q-profile
presented.

To date for demonstration purposes, the circular plasma approximation for ¢ has been
used. At this point we generalise for shaped flux contours. For the range of MSE channels
(0 < pmia < 0.7) flux contours will be assumed to be elliptical, which is a reasonable
approximation.

The ¢ profile can be expressed as the rate of change of the toroidal flux with the
poloidal flux

dd
=— 3.24
Q=3 (3.24)
Locally this can be expressed as
V¢
q=- =, 3.25
Vo 3:29)
Similarly ¢+ can be expressed as
V|  2nRBy
— = 3.26
Vol = Ve (3:26)

At the position of the an MSE diagnostic channel in the FPJ database from Eqn. 3.26
t dbase X ‘Bﬂ‘ & tan(’ydbase)a (327)

where t gqse 1S the ¢ value of the plasma associated with the MSE angle ¥,eqs- If v is a
small angle, the approximation tan(y) & v can be made.

From this it follows that

T dbase X Vdbases (328)

There is an experimental uncertainty associated with vyg,se Where vgp.5e can be described

as |Virue| plus or minus the error associated with the MSE measurement vy

Ydbase = |'7t7‘ue| + 5'7; (329)

For the FPJ database d+ is +0.2°. It is not possible to calculate 7., but it is possible to

calculate the maximum and minimum 7g,s. Where
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Ymaz,min = “Vdbase + 0.2°% (330)

Assuming that the small change in poloidal field results in a negligible change in topology

of the plasma flux surfaces and using Eqn. 3.28 it follows that

T dbase _ Ydbase
t maz,min Vdbase +0.20

(3.31)

Thus the maximum and minimum # associated with the noisy MSE measurements are

given by

h/dbase‘ + 5'7 |7dbase| - 5’7

3 t min = T dbase- (332)
h’dbase | "dease ‘

t maz = * dbase-

As ¢ = 1/+ the maximum and minimum values of ¢ associated with the noisy MSE

measurements are given by

|7dbase| h/dbase‘ (333)

q = Qdbase- -9 Qmin = Ydbase-
e e |7dbase| - 57 e 42 "dease‘ + (57

In the following random sampling of database FPJ recoveries the maximum and minimum

local ¢, q values at each MSE channel is given as a reference for the accuracy of the FPJ

t recoveries.

FPJ Model confidence Intervals The FPJ model is based on an OLS regression
of the + values at fixed p,,;4 positions. The 95% confidence interval is + twice the root
mean square error A+ associated with the regression. The test dataset A+ is taken to
form the confidence interval as this value is calculated independently of the dataset used

to build the FPJ model.

Thus at each fixed p,,;4 position the 95% confidence interval is given by
ty =1t E£2A¢. (3.34)

For an ¢ regression, the corresponding ¢ is

1

= t F2A+¢

(3.35)
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3.4.3 PCA FPJ database +,q Profile Recoveries

A sample selection of database ¢ ,q profile recoveries for category 3 and 4 plasmas are pre-
sented in Figs. 3.13- 3.16. These plots are identical in structure, a black line illustrates the
database profile, with dark blue crosses indicating the position and value of the intrinsic
database profile error associated with the MSE measurements. The FPJ profile recovery
is indicated by 3 light blue profiles, signifying the recovery and the 95% confidence bands.

The eight sample database equilibria illustrate the dependence of the FPJ recovery
on the position of the MSE channels relative to the plasma. The p,,;s range of the MSE
channels for the 8 equilibria is from 0 — .5 to 0 — .75, which is quite a significant
difference. The narrowing of the MSE channel p,,;4 range tends to be due to the position
of the centre of the plasma varying relative to the MSE channel resulting in channels
to the low and high field sides of the plasma. As previously stated this is detrimental
to the recovery of the +, q profile towards the edge of the plasma, but not yet in the
vicinity of the magnetic diagnostic signals. It has been shown previously that the % error
in recovering + increases in the region between the MSE channels and the edge of the
plasma.

From both the intrinsic database errors and the FPJ confidence bands, sampling clearly
shows that towards the centre of the plasma the errors in recovering +, q profiles increase
due to lack of information.

The bottom lefthand plots in Figs. 3.15, 3.16 show that it is not possible to recover
the profile features that occur between channels. There is a non central g,,;, associated
with these plots but the reversed shear only occurs between channels 7 and 8 and thus

cannot be recovered by the FPJ routine.
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Chapter 4

AUG FPJ Experimental Results

4.1 Introduction

In this chapter, the experimental recovery of AUG g-profiles by CLISTE and FPJ methods
is discussed and the relevant error analysis is presented. Different AUG experimental sce-
narios are discussed and finally experimental data from various AUG discharge scenarios

is used to compare the recoverability of the g-profile using both methods.

4.2 CLISTE Recovery of Experimental +,q Profiles

The CLISTE interpretive equilibrium code iteratively solves the Grad-Shafranov equation
and is regularised by source profiles under the constraint of a least squares fit from a set

of experimental data. A detailed description is given in Appendix C.

4.2.1 CLISTE Error Analysis

Using the same starting point, the CLISTE error bars [33] can be described as an extension
to the intrinsic MSE error analysis associated with the database analysis in section 3.4.2

At the position of the MSE diagnostic channel, from Eqn. 3.26 it follows that
t ep X By, (4.1)

and Eqn. 3.9 stated that

tan( ) = A1B, + AyBy + A3B, + A4E, + AsE,
W Vear) = "4 B, + A7By + AsB, + AgE,
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where t ¢4, is the ¢ value of the plasma associated with the small MSE angle 7¢gp.
Using the interpretive equilibrium code CLISTE ¢ ;; is found with the corresponding
tan(vpi) and By s at each channel location. It is assumed that that the flux topology is
consistent between the model and the experiment, i.e. |V¢| is constant. The local values
of By at the MSE channel locations are varied linearly until it reaches a value By ., where

tan(yyi) is equal to tan(Yeg). It follows that the experimental value of q gesp is given by

By, 1t
Qexzp = 4fit- —, 4.2
P r BG,emp ( )
Analogous to eqn 3.30, the errors associated with 7,,e.s can be described as
Ymaxz,min = "Ymeas| + 57 (43)

Following the reasoning in section 3.4.2 the experimental uncertainty associated with

t ezp Can be expressed as

h/meas‘ + 57 "Ymeas‘ - 5’7

5 min — Uexp- (44)

T maz = Texp-

|7meas | |’Ymeas |

Up to this point it was assumed that the change in flux topology due to the change in
poloidal flux was negligible. For database equilibria the flux surfaces were known exactly,
but for the CLISTE recovered equilibria the flux surfaces are ’fitted’ surfaces and thus
have an associated geometric uncertainty. For this reason the geometric error associated
with |V¢| was estimated and the resulting error associated with the recovery of ¢ at each
MSE channel location was calculated.

The typical uncertainties associated with FPG (FP using only magnetic diagnostic
signals) recovery of flux surface topology were errors of 5mm at boundary to 10mm at
centre in the R co ordinate and 5mm in the Z co ordinate of the centroid of the flux
surface passing through the MSE channel location, also the error in x was given by a
function which varies from 0.015 at the boundary to 0.1 at the magnetic axis.

Recalling equation 3.26
V¢l Vo

t

The toroidal flux ¢ enclosed by the surface passing through an MSE channel location is
given by

¢ =< By > .m.a(v).b(v), (4.5)
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where

is the area averaged toroidal field in the ellipse with minor flux-dependent radii a (1)), b(1)).
The expression for < 1/R > over the flux dependent ellipse centroid (R.(v), Z.(¢)) is

<1/R>= (iﬁ) (1 —J1- ;;) . (4.7)

The flux dependent minor radius a(¢)) can be given in Cartesian co ordinates position of

the MSE channel (Ryse, Zimse)

o) = (R = R+ e 2 (45)
where k is the elongation of the ellipse.
Using the ellipse relationship x = b/a Eqn. 4.5 can be rewritten as
¢ =< By > .m.k.a(1h)>. (4.9)
Combining Eqns. 4.6 - 4.9 ¢ can be expressed as
¢ =2.1.F,k (Rc - \/Rg — (Rpse — R.)?2 — (Z’”K—;Z)Q) , (4.10)

where Fy = By.Ry is a constant quantity, the vacuum magnetic magnetic field times the
radial position of the plasma centre.

Using Mathematica[34] |V¢| can be expressed as

Vol =

2.7T.FO.I§\/(Rmse(1 — D)+ R(D'V1—€—-1))"+ (st;izch (4.11)

R, 1—¢2 ’

where D' = dD/dR, D is the flux dependent Shafranov shift (R, — R,) and € = a/R, is
the inverse aspect of the ellipse through (Rse, Zmse)- Initial tests showed that |V¢| as
calculated here differs by an average of < 10% over the 10 MSE channels when compared
to |Vo| = g x V9|

The perturbation in |V¢| is calculated using finite differencing

dVor| = [Vo(R + dR)| — [V(R)|
d|Voz| = [Vé(Z +dZ)| - [Vé(Z)] (4.12)
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d[Voy| = |Vo(k + dr)| — [V (k)]

Using the relationship
d(qr,zs) _ AV orzxl
qrit (Vi

the error in CLISTE ¢ fit ¢ due to uncertainties in R, Z,k d(qrzx) can be found

(4.13)

Assuming the individual geometric errors are uncorrelated the error can be added in

quadrature and the total error due to geometric uncertainties is given by

d(dgeo) = V/d(ar)? + d(42)? + d(gx)*. (4.14)

Thus the total experimental error in + due to CLISTE fit is given by combining eqn 4.4
with the geometric error, where it is assumed that they are perfectly correlated.

Finally the total CLISTE experimental error in q is given by

1

Gmin(MSE + geo) = - d(ggeo) (4.15)
1

Gmaz (M SE + geo) = T+ d(t geo) (4.16)

4.3 FPJ Recovery of Experimental +,q Profiles

In this section the recovery of AUG g-profiles using FPJ is outlined. The FPJ database
is restricted to a constant I, of IMA and By of 2.5T, while experimental discharge have
variable I, and B, . It is important to scale the experimental diagnostic signals (magnetics
and tan(v')) to correspond with equivalent database signals of constant I, and By, .

The magnetic diagnostic signals (magesp) scale with I, only. Thus to scale the experi-
mental diagnostic signals to an I, of IMA, the signals must be multiplied by the reciprocal

of the I,(exp)

1
MaGegp X ) = MAagdbase (417)

I,(exp
The scaling of I, and B, variable MSE signals to create constant I, and B, MSE
signals tan(y’) was discussed in section 3.2.4 and is given by Eqn.3.13
A, B, 1
tan(’yl) = [tan(’yemp) — A_—7:| X 2—5 X I_p
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Using Eqn. 3.22 the database equivalent experimental ¢ gp,se is recovered. To recover

AUG # fpj, tdpase must be unscaled using

25 I,
t fpj = Tdbase X 5 - (418)
H B, 1
Finally the AUG q value gy,; is given by
1
i = (1.19)
Ipj

4.3.1 FPJ Error Analysis

The FPJ error A+ sy, is given by scaling the FPJ database error A ¢ g4 identical to how

t gbase Was scaled in Eqn. 4.18 and is given by

25 I
Atfpj = Atdbase X B_¢ X Tp (420)
From 3.35 for an ¢ sp; recovery, the corresponding Agyy;(+) is given by
Nqrpi(£) = ! (4.21)
Q1i N t F Q.Atfpj ' )

4.4 AUG Operating Scenarios

It is possible for the AUG experiment to operate in different experimental scenarios. In

this section the various mode of operation will be described.

4.4.1 Ohmic Plasma

At the beginning of each AUG discharge, prior to auxiliary heating of the plasma, the
induced toroidal plasma current not only generates the confining poloidal magnetic field,
it also resistively heats the plasma with an ohmic power of (IPQR). As the Spitzer resistivity

n X Te_3/ 2, the ohmic heating of the plasma is limited to relatively low temperatures [35].

4.4.2 L-mode Plasma

Auxiliary heating of AUG plasmas can be either by neutral beam injection NBI or radio
frequency waves both of which increase the plasma energy content. The L.-mode describes

the “low” confinement mode of operation. It was found that although the plasma energy
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content is increased by auxiliary heating, the confinement time 75 was found to degrade
with increased heating power. The degradation of 75 is due to higher levels of turbu-
lence which leads to enhanced radial transport perpendicular to the magnetic field lines.
Analysis of a database of results from several tokamaks yielded a confinement scaling
law ITER89-P [36], where along with many other factors 7z depends on P~%5 where P
is the applied heating power. Although the AUG experiment is designed to operate in
H-mode, it is possible to operate in L-mode and although the L-mode by definition suffer
from low confinement there is much reactor relevant physics associated with the L-mode;

specifically internal transport barrier ITB physics.

4.4.3 H-mode

The H-mode [37] was discovered in the early eighties in ASDEX (the predecessor experi-
ment to AUG), where 75 was improved by a factor of 2 from previous L-mode operation.
It was found that when sufficient power was applied to a divertor discharge an abrupt
transition took place where the edge confinement was improved dramatically. This led
to an edge pedestal in the temperature and density profile. The H-mode edge transport
barrier is not fully understood, but it is generally accepted that the increased E x B shear
suppresses the edge turbulence and decreases radial transport [38].

The appearance of edge localised modes ELMs is important to a fusion reactor. ELMs
are a periodic instabilities associated with the H-mode where each burst of instability
leads to reduction in density and temperature in the outer zone of the plasma. These
bursts of energetic particles released from the plasma strike the experiment wall and over
time can be detrimental to the integrality of the divertor.

A characteristic feature of the H-mode is the fall in the D, signal. The D, signal
comes from the neutral deuterium entering the plasma and is a measure of the recycling
of deuterium between the plasma and it immediate surroundings. The D, signal shows

characteristics spike-like bursts coinciding with ELM crashes.

4.4.4 Advanced Scenarios

An advanced scenario [39] can be defined as a scenario with improved confinement, mea-

sured by the H-factor, relative to the energy confinement scaling laws and good MHD
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stability properties measured by the normalised beta [y .

H=—T_ g =

(4.22)
TE,scaling IP

where (3) is the volume average of 2ugp/B?, a is the minor radius, B is the magnetic

field, I, is the plasma current and p is the plasma pressure.

For a scenario to be advanced, the product of SyH must be greater than that of
the standard H-mode. Using the ITER89-P scaling [40] this would mean Sy H > 6 — 7.
An advantage of a advanced scenario is the possibility of operation at reduced current by
replacing a substantial fraction of the plasma current by the bootstrap current [41], which
is necessary for long pulsed operation. The record steady state SyH value for ASDEX
Upgrade is 7.2 while the record transient Sy H value for ASDEX Upgrade is 11.5 [42].

Internal transport barrier: Internal transport barriers ITB scenarios are candi-
dates for advanced scenarios. I'TB scenarios are characterised by high confinement in the
plasma core, where transport is reduced to almost neoclassical levels. The generally ac-
cepted model describing improved I'TB confinement is that the associated low or negative
magnetic shear associated with ITBs acts as a facilitator for ' x B shear which suppresses
turbulence in the plasma core. This regime requires low or negative magnetic shear s =
(r/q)(dq/dr). The associated off-axis peaking of the current profile allows stabilisation of
high n MHD modes and q> 1 everywhere stabilises the sawtooth instabilities. With the
addition of strong heating power and absence of these instabilities steep pressure profile

are formed and central ion transport is reduced down to almost neoclassical levels.

Initially in AUG this regime was developed with an L-mode edge, either in limiter
configuration or in single null upper divertor configuration where the unfavourable drift
direction with respect to the X-point in single null upper divertor configuration allows
a higher H-mode threshold. In AUG, strong auxiliary heating (usually NBI) takes place
during the current ramp phase of the discharge and this results in low or negative s.

For AUG H/TER9-P = 3 3 have been obtained in L-mode and By value of 4.0 [43]..
Also the relationship between the ITB structure and the g-profile is being investigated
in order to ascertain the influence the g-profile has on the ITB formation and sustain-

ment [44]. A detailed description of ITBs is given in the review article [45]
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Improved H-mode: In AUG a stationary advanced H-mode scenario with good
confinement properties has been found and is referred to as an improved H-mode [46].
Initially the plasma is heated with neutral beams in the current ramp phase which slows
down the current diffusion. Sometimes ITBs have been found in this L.-mode prior to
the transition to the H-mode, these ITBs are transiently found in the proceeding H-
mode mode but maintaining these conditions in steady state have been unsuccessful.
One conjecture for the disappearance of these ITBs is attributed to the ELM activity
and density increase associated with the improved H-mode. With the retarded current
diffusion the q = 1 surface appears later in the discharge compared to the standard
H-mode and one of the features of an improved H-mode is the presence of fishbones
instead of sawteeth activity. It has been found, with the exception of high beta poloidal
discharges [47] which have a modest barrier, that in steady state improved H-mode AUG
scenarios there are no I'TB [48]. Here it was shown that the ion temperature profiles were
found to be stiff and the improved H-mode follows the same scaling as the standard H-
mode. The improvement of confinement was associated partly with the scaling of the line
average density and partly obtained through density peaking appearing at low densities.

Results for AUG improved H-mode discharges are presented in [49] Typical results for
an AUG discharge with triangularity § of 0.17, 95 = 3.3, 1, = 1, By = 2.1 are n./new =
0.4, Bpor = 1.4, By = 2.8, By HTER=F — 6.5 and Hggyp = 1.4. It should be noted that
these are not record results for AUG, presently it is possible to increase § of discharges
from 0.17 to 0.42, which leads to improved confinement. These cases are not applicable to

this work because, as previously stated, the MSE diagnostics is not working satisfactorily.
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4.5 AUG qg-Profile Recovery Results

4.5.1 Introduction

In this section AUG CLISTE and FPJ recovered g-profiles are presented. A sampling
of AUG q-profile recoveries at various AUG discharge time-points will be presented to
illustrate the FPJ and CLISTE recoverability of g-profiles in distinct discharge scenarios,
at different times during a discharge and with variable,from discharge to discharge, I, and
B, .

The error bars associated an FPJ recovered AUG g-profile are tested to ascertain how
many simulated experimental AUG equilibrium database g-profiles fit within the error
bar limits. The various current density profiles associated with these database g-profiles
are then presented to illustrate the different types of current density profiles that could

be possible within FPJ recovery limits.

4.5.2 Selection of AUG g-Profile Recoveries

The general layout for all the AUG g-profile recovery representations is identical. The first
figure illustrates the AUG g-profile recovery by the various methods. The FPJ recovery
and 95% confidence bands are represented by three solid blue lines. The CLISTE recovery
is indicated by the solid black line. g¢.,, at each of the 10 MSE channels is indicated by
the green triangle, while the g.,, error bars are indicated by the vertical solid red lines.

The second figure associated with each individual AUG g-profile recovery shows the
magnetic flux surfaces associated with the AUG plasma, where the green line signifies the
last closed flux surface, and various plasma parameters.

As shown in section 4.2 the calculation of ¢, and the associated error bars are based
on CLISTE estimated AUG equilibrium. It is important to note that while the error
bars associated with gy, take into account the CLISTE uncertainty associated with the
geometric position of the flux surfaces, g, treats the CLISTE flux surface geometric as
exact and thus geg, is unavoidably biased toward the CLISTE recovery of the g-profile.

A notable trend evident in AUG q-profile recovery is that errors associated with each
type of g-profile recovery, FPJ and CLISTE, balloon towards the centre of the plasma.
The main reason for this is that By goes to zero towards the centre of the plasma, thus

tan(vesp) goes to zero towards the centre and in this region the magnitude of
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A tan(7eszp) is comparable, and is possible to be greater than, the magnitude of tan(7yesp)
itself.

Another reason for this increase in the g-profile errors towards the centre of the plasma
is due to the fixed geometry of the MSE channels. Depending on the position and shape
of the plasma it is possible, and illustrated in some of the proceeding AUG discharge
examples, that the centre of the plasma is distant from the MSE channels, thus little
is known of the central g-profile and so the errors increase. This problem is indeed
detrimental to the FPJ recovery as the FPJ recovery is based on a set of ¢ regressions
over normalised plasma co ordinates. Thus for the part of the ¢ -profile towards the centre
of the plasma the recoverability of ¢ by the FPJ regression suffers due to the equilibria in
the simulated AUG FPJ database where the MSE channels do not span the central region
of the plasma. This is appropriate for the AUG discharges where the MSE channels are
distant from the centre of the plasma, but this leads to an exaggerated error in the FPJ
recovery for the AUG discharges where the MSE channels are close to the centre of the

plasma.

H-mode recoveries The first seven AUG discharges are H-mode discharges.

Fig. 4.1 shows the recovery of the g-profile for discharge 12055 after 2.1s with a I, of
1.0 MA and By of 2.6T. At this time the discharges is in flattop, where I, is fully ramped
up. These values of I, and By are typical values for AUG. The centre of the plasma is
between the MSE channels 8 and 9 (where channel 1 is the outer most MSE channel).
Fig. 4.1 indicates that g, errors are greatest for the channels 8-10 which are closest to
the centre of the plasma. The FPJ confidence bands are widest in this region. The FPJ
and CLISTE recoveries agree within FPJ confidence limits and for the most part are
within g, error bars. From Fig. 4.1 it is also demonstrated that the FPJ and CLISTE
recoveries of qg5 agree and that the FPJ confidence bands are much tighter towards the
edge of the plasma. As already stated the outer g-profile is readily recoverable by the
magnetics only and is a well defined quantity. Fig. 4.2 is a cross section of AUG indicating
the flux surface geometry for this discharge at this timepoint and lists some of the more
important plasma parameters.

Fig. 4.3 shows the recovery of the g-profile of discharge 12077 after 1.5s with a I, of
1.0 MA and By of 2.1T. The g-profiles for discharge 12055 and 12077 are very similar as
both are in flattop. Again for discharge 12077 the FPJ, CLISTE are generally within g,
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error bars. The only major discrepancy is that value of g.,, at MSE channel 9.

This is due to the problems with the MSE channels closest to the centre of the plasma,
generally channels 9 and 10 but sometime channel 8 as well. The MSE channels measure
tan(esp) which is dependent on By , when By becomes small towards the centre of the
plasma then tan(7ey) measured by the MSE channels is small and the relative error
between tan(Yesp) and A tan(vey) becomes large. It has been noted that there is a
systematic calibration error with these inner MSE channel [53]. This systematic error is
most prevalent for small MSE angles which correspond to high g-values, as in this case.
Also during high density discharges when the NBI suffers from beam attenuation and this
effects the accuracy of the innermost MSE channels. For these reasons the channels MSE
closest to the centre of the plasma can lead to suspect values of g, and in turn can lead

to unrealistic and non-monotonic g.,p-profiles in the central region of the plasma.

Fig. 4.5 shows the recovery of the g-profile for discharge 13012 after 3.0s with a I, of
0.8 MA and By of 2.0T. The centre of the plasma is between channels 8 and 9. The error
bars associated with ge,, at channels 9 and 10 are very large and thus g, is inaccurate
and can be discarded from the analysis. The FPJ and CLISTE recoveries fall within

experimental error for all other 8 MSE channels.

Fig. 4.7 shows the recovery of the g-profile for discharge 13049 after 1.7s with a I, of
0.8 MA and By of 2.0T. The FPJ and CLISTE g-profiles agree more or less within the
first nine g, p error bars for this discharge. The most striking feature of this figure is the

significant offset of channel 10 due to calibration error.

Fig. 4.9 shows the recovery of the g-profile for discharge 13169 after 5.3s with a I,
of 1.0 MA and By of 2.5T. For the first 7 MSE channels the CLISTE and FPJ g-profile
adhere closely to g.spq values but deviate dramatically for the innermost 3 channels. For
channels 8-10 the experimental g-values seem to predict a reversed shear discharge, albeit
with extremely large error bars, which is highly unlikely for a simple H-mode discharge.

In this case the FPJ and CLISTE predictions seem more plausible.

Fig. 4.11 shows the recovery of the g-profile for discharge 12952 after 2.2s with a I, of
1.0 MA and By, of 2.5T. This discharge is similar to discharge 13049 in that the FPJ and
CLISTE recoveries closely follow g.;,q value for the first 9 channels but there is a huge

calibration offset in channel 10.

Fig. 4.13 shows the recovery of the g-profile for discharge 12036 after 2.0s with a I,
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of 0.8 MA and By of 2.1T. Unlike the previous H-mode discharges this is a single null
upper divertor discharge. In this discharge the FPJ and CLISTE recoveries are within

error bars for all MSE channels, though channel 8 has very large error bars.
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Figure 4.1: CLISTE and FPJ recovery of q-profile for AUG discharge 12055

of 2.1s, with I, of 1.0MA and By of -2.6T
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Figure 4.2: Cross-section of AUG illustrating the magnetic flux and basic plasma pa-

rameters for AUG discharge 12055 at 2.1s
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Figure 4.3: CLISTE and FPJ recovery of g-profile for AUG discharge 12077
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Figure 4.4: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-

rameters for AUG discharge 12077 at 1.5s
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Figure 4.5: CLISTE and FPJ recovery of q-profile for AUG discharge 13012 at a time
of 8.0s, with I, of 0.8MA and By of -2.0T
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Figure 4.6: Cross-section of AUG illustrating the magnetic flux and basic plasma pa-

rameters for AUG discharge 13012 at 3.0s
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Figure 4.7: CLISTE and FPJ recovery of g-profile for AUG discharge 13049 at a time

of 1.7s, with I,, of 0.8MA and By of -2.0T
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Figure 4.8: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-

rameters for AUG discharge 13049 at 1.7s
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Figure 4.9: CLISTE and FPJ recovery of q-profile for AUG discharge 13169 at a time
of 5.8s, with I, of 1.0MA and By of -2.5T
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Figure 4.10: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 13169 at 5.3s
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Figure 4.11: CLISTE and FPJ recovery of g-profile for AUG discharge 12952 at o time
of 2.2s, with I, of 1.0MA and By of -2.5T

AUG Flux: W,
Shot: 12952
Time: 2.160

AUGD : FPP(1)

From FPG
l,: 1.00MA
0.5
B,: 0.46
l: 117

5,:-0.058

z(m)

0.0 3,: 0.297

K: 1.66
z.: 0.078m
05 R.: 1.676m
&, - 0.481m
Z,:-1.075m
Z4, 1 -1.135m
-1.0—
Qgs: -3.78

Rus : 2.139m

vol : 12.09m’

Figure 4.12: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 12952 at 2.2s
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Figure 4.13: CLISTE and FPJ recovery of g-profile for AUG discharge 12036 at a time
of 2.0s, with I, of 0.8MA and By of -2.1T
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Figure 4.14: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 12036 at 2.0s
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Improved H-mode recoveries The next 4 AUG discharges are improved H-mode
discharges. The q-profiles for these discharges are very similar to simple H-mode dis-
charges, the only different is for improved H-mode discharges to have a tendency for a
slightly more flat profile towards the centre of the plasma as fishbone instabilities flat-
ten the g-profile due to rapid reconnection events and clamps it close to a g-value of
1 [46], [50].

Fig. 4.15 shows the recovery of the g-profile of discharge 13043 after 3.0s with a I, of
1.0 MA and By of 2.4T. The centre of this plasma discharge is between channels 8 and
9. The gesp error bars at these position are much larger than the g, error bars at the
rest of the channel positions illustrating the lack of information towards the centre of the
plasma.

Fig. 4.17 shows the recovery of the g-profile of discharge 13154 after 3.2s with a I, of
1.0 MA and By of 2.5T. Again the FPJ and CLISTE recoveries are within g, error bars
with large error bars for the channels, 9 and 10, towards the centre of the plasma.

Fig. 4.19 shows the recovery of the g-profile of discharge 13044 after 0.6s with a I, of
0.4 MA and By of 2.6T. Although this discharge is by definition an improved H-mode
discharge, this timepoint was chosen as it is very early in the discharge and is presented
to compare FPJ and CLISTE recoveries of the g-profile during the current ramp-up phase
of the discharge. The errors associated with channel 10 are so large it can be ignored.
Fig. 4.19 shows that FPJ recovery follows the trend of g, profile. This is acceptable as
I, and hence By is very small, therefore the MSE diagnostic can not be as accurate as
during flattop operation.

Fig. 4.21 shows the recovery of the g-profile of discharge 13099 after 3.2s with a I, of
1.0 MA and By of 2.6T. Discharge 13099 is a single null upper divertor discharge. The
FPJ and CLISTE recoveries agree with g, profile within error bars.
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Figure 4.15: CLISTE and FPJ recovery of g-profile for AUG discharge 13043 at a time
of 8.0s, with I, of 1.0MA and By of -2.4T
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Figure 4.16: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 13043 at 3.0s

99



—-0.5 0.0 0.5
£ mid

Figure 4.17: CLISTE and FPJ recovery of g-profile for AUG discharge 13154 at a time
of 8.2s, with I,, of 1.0MA and By of -2.5T

AUG Flux: W,
Shot: 13154
Time: 3.185
1.0+
AUGD : FPP(2)
From FPG

l,: 1.00MA

B,: 0.87

l: 0.98

0.5~

5, :-0.047

z(m)

0.0 3,: 0.328

K: 171
z.: 0.080m
0.5 R.: 1.701m
8, - 0.469m
zg:-1.072m
24, 0 -1.134m
Qgs: -3.75
R 0 2.138m

vol : 11.87m’

Figure 4.18: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 13154 at 3.2s
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Figure 4.19: CLISTE and FPJ recovery of g-profile for AUG discharge 13044 at a time
of 0.6s, with I, of 0.4MA and By of -2.6T
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Figure 4.20: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 13044 at 0.6s
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Figure 4.21: CLISTE and FPJ recovery of g-profile for AUG discharge 13099 at a time
of 8.2s, with I, of 1.0MA and By of -2.6T
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Figure 4.22: (Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 13099 at 3.2s
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ITB discharges The following 5 discharges are I'TB discharges. For AUG ITBs

occur transiently during the ramp up stage of specifically designed discharges.

Fig. 4.23 shows the recovery of the g-profile of discharge 13225 after 0.7s with a I, of
0.7 MA and By of 2.6T. As this is the ramp up phase of the discharge and by definition
reversed shear discharges have low current density towards the centre of the plasma. Thus
By is very small towards the centre of the plasma which accounts for the large ge,, error
bars on channels 8-10. What is important to note is that the minimum value of q guin

agrees well within g, error bars for both FPJ and CLISTE.

Fig. 4.25 shows the recovery of the g-profile of discharge 13130 after 1.3s with a I, of
1.0 MA and B, of 2.8T. At this time the discharge has reached flattop and the current
diffusion leads to a diminishing and broadening of the central peak in the g-profile, this
is apparent in the CLISTE recovery but the FPJ g-profile shows none of this behaviour.
The FPJ profile can be explained due to the large error bars associated with the central
MSE channels, 9 and 10. Also channel 8 is offset from the rest of the MSE channels. It
should be noted that the g,,;, values of FPJ and CLISTE agree within experimental error

bars.

Fig. 4.27 shows the recovery of the g-profile of discharge 13148 after 0.8s with a I, of 0.8
MA and By of 2.8T. Fig. 4.29 shows the recovery of the g-profile of discharge 13149 after
0.7s with a I,, of 0.7 MA and By of 2.8T. The two discharge will be discussed together as
they share many of the same characteristics. As stated reversed shear discharges indicate
low current density towards the centre of the plasma, it has been shown that it is possible
to have zero current density at the centre of a plasma [51]. These AUG discharges have
been shown to be current hole discharges [52]. It is not possible from Figs. 4.27, 4.29 to
prove these discharges are current hole discharges, but it is impossible to discount the
possibility as the central ge,, error bars are large. Again for both discharges the FPJ and

CLISTE g¢pn values agree within g, error bars.

Fig. 4.31 shows the recovery of the g-profile of discharge 13108 after 1.0s with a I,
of 0.8 MA and By of 2.8T. For this discharge the CLISTE and FPJ recoveries disagree
dramatically towards the centre of the plasma. FPJ shows a reversed shear discharge while
CLISTE indicates a simple monotonically increasing g-profile.Both profile agree within
Gezp €rror bars for the first 8 MSE channels. The downward trend of ¢, from channel 8

to 10 calls the integrity of channels 8-10 into question. From studying the time evolution
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of the plasma position and li of the plasma, it was seen that li of the plasma increased due
to adiabatic compression as the plasma volume decreased dramatically around this time-
point these special circumstances lead to a large error and thus the inner MSE channels

are inaccurate [53].
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Figure 4.23: CLISTE and FPJ recovery of g-profile for AUG discharge 13225 at a time
of 07.s, with I, of 0.7TMA and By of -2.5T
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Figure 4.24: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 13225 at 0.7s
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Figure 4.25: CLISTE and FPJ recovery of g-profile for AUG discharge 13130 at a time
of 1.8s, with I, of 1.0MA and By of -2.8T

AUG Flux: W,
Shot: 13130
Time: 1.350
1.0+
AUGD : FPP(1)
From FPG

l,: 1.01MA

B,: 0.78

l: 0.90

0.5~

4,: 0.360

z(m)

0.0 3,: 0.008

K: 1.65

z.: 0.128m
0.5 R.: 1.665m
&, - 0.481m
Zg;: 0.000m

o 0.000m
Qgs: -4.33

Ry © 2.119m

T P T | vol:11.81m*

1.0 15 2.0 2.5
R(m)

Figure 4.26: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 13130 at 1.3s
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Figure 4.27: CLISTE and FPJ recovery of g-profile for AUG discharge 13148 at a time
of 0.8s, with I, of 0.8MA and By of -2.8T

AUG Flux: W,
Shot: 13148
Time: 0.750
1.0+
AUGD : FPP(1)
From FPG

1,: 0.79MA

B,: 0.92

0.5+

i
i

I W 7T 1:080
\ W\ 4

4.: 0.363

z(m)

0.0~ 1 0.060

‘
\
\ 1NN
m\\\
RRANN

W

3,

K: 1.76
z.: 0.099m
R,

05 .. 1.657m
8, - 0.488m
z,:-1.238m
2 -1.289m

g5 -6.63

Ry : 2.113m

T T T | vol : 12.98m’

Figure 4.28: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 13148 at 0.8s
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Figure 4.29: CLISTE and FPJ recovery of g-profile for AUG discharge 13149 at a time
of 0.7s, with I,, of 0.7TMA and By of -2.8T
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Figure 4.30: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 13149 at 0.7s
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Figure 4.31: CLISTE and FPJ recovery of g-profile for AUG discharge 13108 at a time
of 1s, with I,, of 0.8MA and By of -2.8T
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Figure 4.32: Cross-section of AUG illustrating the magnetic flur and basic plasma pa-
rameters for AUG discharge 13108 at 1s
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Summary of FPJ and CLISTE qg-profile Recoveries It was decided not to
present summary statistic of the AUG recoveries. This was deemed pointless due to the
large variation of g-profiles for the various discharge scenarios. In particular the tendency
of the g-profile recoveries and error bands to have very large values towards the centre of
the plasma would drown out any useful statistical information present.

The general trends present included:
e The various scenarios, with variable I, and B, , were well recovered.

e The outer g, error bars were much smaller than the inner g, error bars, which

shows that the inner g-profile is not well recovered.

e The FPJ and CLISTE g-values towards the edge of the plasmas agreed and thus it

can be stated that they were well recovered by the magnetic measurements.

e In general for reversed shear discharges the FPJ and CLISTE recoveries of ¢n

agreed within g, error bars.

4.5.3 Extended FPJ Confidence Limits Analysis

In this subsection a simple test is presented to demonstrate what current density profiles
are possible within FPJ confidence limits. The FPJ confident bands for discharge 13154
are used. It is assumed that the FPJ simulated equilibrium database span all physically
possible current density profiles. Discharge 13154 FPJ confidence bands are tested to see
which of the database g-profiles fall within its limits. Fig. 4.33 shows these results, with
the applicable database profiles and CLISTE recovery of discharge 13154 shown within
the FPJ error bands. Fig. 4.34 presents a selection of the various associated database
current density profiles which fit within the FPJ error bands. It is possible for many
different current density profiles to fit within the FPJ recovery. Although some of the
more physically adventurous current density profiles will drop out when the FPJ database

is narrowed to select only experimentally relevant profiles.
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Figure 4.33: CLISTE recovery (black line) and FPJ confidence limits (red line) of the
g-profile for AUG discharge 13154. Also indicated are the simulated AUG equilibrium

database g-profiles(
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Chapter 5

Just Another Nonlinear

Optimisation Suite JANOS:

5.1 Introduction

In this section an alternative method of building the FPJ model is presented.

The original FP model presented by Wind [25] addressed the problem of over coming
the inherent multicollinearity of the measurements by making a reduced set of orthogonal
linear combinations (LC) of measurements by PCA. These LCs are then utilised as the
basis for the FP regression model. As already stated this FP method was applied to AS-
DEX by Braams [10] and AUG by McCarthy [8] for the recovery of geometric parameters
via magnetic diagnostic signals.

Another conventional statistical method used for the recovery of physical parameters
from fusion experiments is the use of neural networks (NN) mappings. A good overview of
NN is given in [32]. Lister first introduced this technique for the extraction of equilibrium
parameters in the D111-D tokamak [54]. NN have also been used to extract plasma
parameters on COMPASS-D [55], PBX-M [56], AUG [57], JT-60 [58]and ITER, [59].

Various hybrid statistical methods were developed by Na [60] for recovering equilib-
rium plasma parameters on KSTAR.. These hybrids are based on NN methods with FP
influences, the optimal recovery method presented in that work was based on a double NN.
This double NN method was also used to recover equilibrium parameters in SST-1 [61].

In this chapter the method of equilibrium parameter recovery is based on FP methods

with the utilisation of a nonlinear optimisation (NLO) function in place of the standard
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PCA. The method is called Just Another Nonlinear Optimisation Suite (JANOS) [63] [?].
PCA chooses orthogonal L.Cs to maximise the variance of the leading L.Cs. This method
is totally independent of the equilibrium parameters under investigation. It was hy-
pothesised that if different LLCs were chosen, not necessarily orthogonal, to optimise the
weighting of the diagnostic measurements which contain most information on the param-
eters under investigation in the leading LLCs then a more compact model with fewer LCs
could be built. A more compact model would lead to shorter computational times. It is
also planned to include the 10 half energy MSE channels into the FPJ analysis. If these
measurements were included into the standard FP model, it would increase the FP model.
The JANOS code will keep the increase of the FPJ model size to a minimum. JANOS
was created with this in mind. A complete description of the JANOS algorithm is given
in section 5.2. Database results are presented in section 5.3 and finally JANOS recoveries

of AUG q-profiles are presented in section 5.4

5.2 Description of the JANOS Algorithm

The essence of JANOS is the selection of a small set of iteratively optimised linear com-
binations NLC of the data with the objective of a successful recovery of ¢ (pmiq) using a
more compact quadratic model than that of the standard FP approach. Thus we expect
NLC < NP where NP is the number of PCs of the input signals needed to give a good
FP fit. The justification for reducing the number of linear combinations below NP lies
in the observation that not all the variance of the magnetic measurements is due solely
to the variation in the current density profile or equivalently the ¢ profile and hence we
expect that it will be possible to recover t(ppniq) using fewer than the NP transformed

measurements which describe all measurement variance. This compact FP model is given
by:
NLC NP NP
Vir= Y Bujsr ( wt,lPi,t) (Z wu,jpi,u> + €y (5.1)
where y;, is the value of the 7" of NR recovered parameters for the i* of NC cases in
the database, P;; is the t™ PC score for the i** case, (wy 1, Wa, ..., wyp,) is the vector

lth

of measurement weights for the of LC optimised linear combinations and ((5,,! =

0,LC),j =1, LC) is the set of (LC+1)(LC+2)/2 co efficients which recover the r* output

parameter (1 = Ocorresponds to the intercept where wo.p; = 1)).
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Starting with the NP PCs, JANOS is structured as follows: Choose the matrix of
weights W (NP x LC') which minimises the cost function defined as

NC NR NLC NP 2
=33 035 (1~ i) 62
i=1 r=1 =1 t=1

where ¢;, = y; , — €, is the predicted value of y; ,, in this circumstance € refers to the error
associated with the recovery of ¢ rather than the inverse aspect ratio of the tokamak, and
the rightmost term, tuned by the regularisation parameter «, favours weights vectors of
unit norm: w;.w; = 1. This avoids indeterminacies in the magnitude of W and the set of
B’s since essentially only the product || W||||3]| is unique where ||W|| and ||3]|| represent
the norms of the weight vectors and the linear regression coefficients, respectively.

The NAG routine EO4FCF preforms the nonlinear optimisation of the NP xLC weight
coefficients. In a conventional neural network algorithm the 3’s would be varied along
with the W matrix. A special feature of JANOS is that the 8’s are not explicitly part of
the nonlinear optimisation, but rather are determined by a linear regression lapack routine
called within the user-supplied subroutine which is in turn called by EO4FCF to determine
the set of NCxNR residuals {e;,}. For the present case where the set of parameters to
be recovered consists of an array of discrete values of + along the p,,;q4 axis, the residuals
will be highly correlated. We have improved the convergence of the algorithm by using

instead the Mahalanobis transformed, see Appendix D, residuals:
z=S"1%r (5.3)

where r = (€14, ..., €xp,i) is the vector of NR residuals for each case in the database and
SnRxNR 1S the covariance matrix of the recovery errors which is determined at the outset
by “best possible” regression for each parameter using all NP linear combinations. The
“best possible” regression is the case is regression with maximum number PCs used to
build the full quadratic set of predictors which will not over-fit the data. The advantage
of using the Mahalanobis transformation is that this transform is used to eliminate the

correlation between residuals and standardise the variance of each residual.

5.3 JANOS Database Results

In this section results from the JANOS and PCA based FPJ recoveries of the AUG

equilibrium database ¢ profile over pniq co ordinates are presented. Results from category
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3 and category 4 plasmas are presented in Figs. 5.1, 5.2 respectively.

Figs. 5.1 5.2(i) shows the + RMSE over ppiq co ordinates for JANOS and PCA FPJ
recoveries with regression models based on 16 LCs for simulated AUG database plasmas .
It should be noted that the RMSEs in this chapter, both JANOS and PCA, are based on
one test dataset of simulated AUG equilibria. It was decided to used models based on 16
LCs as this is presently the number of LCs that the FP based AUG online control system
uses. It should be noted that the 16 JANOS LCs are chosen by the code to be the 16
LCs most applicable to recovering the ¢ profile from an original set of 20 magnetic and
5 MSE PCs. Figs. 5.1 5.2(i) demonstrate that the JANOS based FPJ recovery is more
accurate from 0.0 — 0.8 ppiq. From 0.8ppmiq to the edge of the plasma the PCA based FPJ
recovery is slightly more accurate. The improvement of the JANOS based regression is
most obvious in the region 0.3 — 0.7pq- The JANOS code is based on minimising a cost
function vector Eqn. 5.1 where each vector component is based primarily on the sum over
the entire pp,;q profile of the SSE of each individual + error. The contribution to each cost
function component from the individual SSE in the region from 0.8py;q towards the edge
of the plasma is quite alot less that that in the inner region of the plasma. Originally
it was hypothesised that this was the reason why the PCA based FPJ + regressions
are more accurate in this region than the JANOS based ¢ regressions. To overcome
this problem each individual + SSE was normalised by the RMSE of its best possible
regression to ensure that magnitude of each contribution from each individual + error to
its cost function component was comparable. It was found that this did not reduce the

JANOS ¢ RMSE to a level better than that of the PCA RMSE.

The PCA + RMSE is better than that of the JANOS + RMSE in the outer region of the
plasma where the recoverability of the ¢ profile depends on the magnetic measurements
. The JANOS ¢ RMSE is better for the recovery of the inner region of the profile which
in the radial position spanned by the MSE diagnostic channels. It is now hypothesised
that the JANOS code concentrate on optimising the LCs for maximum weighting of the
MSE diagnostic measurements, thus the code has difficulty in accurately recovering the

g-profile in the outer region of the plasma.

Figs. 5.1, 5.2(ii)-(iv) are presented to show the trend of JANOS and PCA based #
recoveries for simulated equilibrium database plasmas with increasing L.Cs in the regres-

sion at the 0.0pmiq, 0.250mid, 0-50Pmid, 0.75pmia and 0.95pmiq positions respectively. As
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expected the accuracy of each regression generally increases with the addition of LCs to
the regression. In a small number of cases, i.e. in Fig. 5.1(iii) from 14LCs to 18 LCs,
the + RMSE increases with the addition of LCs. While the addition of LCs into the
regression model does add diagnostic information to the model, it is possible that this
information is irrelevant to some of the individual regression and thus for specific cases
this addition diagnostic information will act as noise, as in the example stated. Also in
the JANOS cases it is possible that the JANOS code has not reached a global minimum
and thus the diagnostic information is not fully utilised and the JANOS based regression
model is not fully optimised. It is obvious from Figs. 5.1, 5.2(ii)-(iv) that the general
trend for the various regression models that for the inner part of the profile the JANOS
based regression is more accurate, while for the outer region of the plasma the PCA based

regression is marginally more accurate
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Figure 5.1: AUG category 8 plasma equilibrium database analysis comparing PCA and

FPJ results; (i) presents the RMSE for both and PCA FPJ recovery of the
database pmiq t profile with a regression model based on 16 LCs, illustrating the reduction
in + RMSE due to the method; (ii)- (vi) presents the improvement, at various fized
Pmid positions, of ¢ recovery for both and PCA FPJ recovery with the addition of
more LCs.(ii)-(iv) represent 0.0pmia, 0-25pmia, 0-50pmid, 0.75pmia and 0.95pmia positions

respectively. 118
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Figure 5.2: AUG category 4 plasma equilibrium database analysis comparing PCA and

FPJ results; (i) presents the RMSE for both and PCA FPJ recovery of the
database pyiq ¢t profile with a regression model bases on 16 LCs, illustrating the reduction
in + RMSE due to the method; (ii)- (vi) presents the improvement, at various fized
Pmid positions, of ¢ recovery for both and PCA FPJ recovery with the addition of
more LCs.(ii)-(iv) represent 0.0pmia, 0-25pmia, 0-50pmid, 0-75pmia and 0.95pmia positions

respectively. 119



5.4 AUG Experimental Results

5.4.1 Introduction

In this section AUG CLISTE and JANOS FPJ recovered g-profiles are presented, in the
same format as in Section 4.5. The same AUG discharges at the same time-points are
analysed, the only difference is the inclusion of the JANOS FPJ recoveries.

The error bars associated an JANOS FPJ recovered AUG qg-profile are tested to as-
certain how many simulated experimental AUG equilibrium database g-profiles fit within
the error bar limits. The various current density profiles associated with these database
g-profiles are then presented to illustrate the different types of current density profiles
that could be possible within FPJ recovery limits.

5.4.2 Selection of AUG q-Profile Recoveries

The general layout for all the AUG g-profile recovery representations is identical to those
in Section 4.5.2. The FPJ recovery and 95% confidence bands are represented by three
solid blue lines. The CLISTE recovery is indicated by the solid black line. g¢.,, at each
of the 10 MSE channels is indicated by the green triangle, while the g, error bars are

indicated by the vertical solid red lines.

H-mode recoveries As the CLISTE q-profile recovery and g.,, are identical for all
discharge time-points as in Section 4.5.2 all the points made for these in that section hold
for this discussion. It should be noted that as the JANOS based FPJ model is based on
only 16 LCs, where the best possible PCA based regression model was based on 25LCs.

The first 6 H-mode JANOS FPJ recoveries in Figs 5.3- 5.8 are single null lower divertor,
category 4, plasmas. The JANOS FPJ recoveries in these cases are close to, if not within
exp €rror bars. In each case, the H-mode profile has slight reversed shear, due to Eqn. 4.21
this leads to JANOS FPJ error bars to be very large. This slight reversed shear could
be due an FPJ database bias. With only 16 LCs of a possible total of 56 diagnostic
measurements available to the regression model and as the ¢ profile is poorly recovered
in the region towards the centre of the plasma, it is difficult for the JANOS FPJ model
to recovery the central g-profile. In this circumstance the estimated JANOS FPJ AUG

g-profile recovery will tend toward the simulated database mean. As shown in Fig. 3.5(iv)
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the database mean is a reversed g-profile.

Fig. 5.5 shows that in the region between the outermost MSE channel and the edge
of the plasma the CLISTE recovered g-profile is outside the JANOS FPJ error bars for
discharge 13012.

Whilst the JANOS FPJ q-profile is again slightly reversed the associated error bars
for discharge 12036 in Fig. 5.9 is a single null upper divertor category 3 plasma are much
narrower than for the category 4 plasma. These narrower error bars are due to the lower
absolute + RMSE in the database recovery for category 3 plasmas relative to category 4

plasmas as presented in in Figs. 5.1(i) and 5.2(i).
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Figure 5.3: Recovery of AUG g-profile for discharge 12055
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Figure 5.4: Recovery of AUG g-profile for discharge 12077
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Figure 5.5: Recovery of AUG g-profile for discharge 13012
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Figure 5.6: Recovery of AUG g-profile for discharge 13049
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Figure 5.7: Recovery of AUG g-profile for discharge 13169
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Figure 5.8: Recovery of AUG g-profile for discharge 12952

124



4
3 .
- 2; L é
1 F =
oL . . .
—0.5 0.0 0.5
pm\'d

Figure 5.9: Recovery of AUG g-profile for discharge 12036

Improved H-mode recoveries Similar to the H-mode recoveries the single null
lower divertor discharges improved H-mode discharges, discharges 13043 and discharge
13154, JANOS FPJ qg-profile agrees with g, within the g,y error bars. They also have
slight reversed shear and the central JANOS FPJ error bars are off the scale of the figure.
Discharge 13044 in Fig. 5.12 is a single null upper divertor discharge but as it a very early
timepoint and in the current ramp up phase of the shot the g-profile has extremely large
values when compared to improved H-mode discharges in flattop. In this case although
the JANOS recovery agrees almost within g.,, error bars, there is a significant portion
of the CLISTE g-profile between MSE channel 1 and the edge of the plasma which lies
outside the JANOS FPJ error bars. Discharge 13099 in Fig. 5.13 is again a single null
upper divertor plasma and as with similar plasmas in ordinary H-mode mode, the profile
is slightly reversed agrees within g, error bars and the JANOS FPJ error bars are smaller

than the equivalent category 4 JANOS FPJ error bars.
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Figure 5.10: Recovery of AUG g-profile for discharge 13043

e

O R B S R S
—-0.5 0.0 0.5
£ mid

Figure 5.11: Recovery of AUG q-profile for discharge 1315/
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Figure 5.12: Recovery of AUG g-profile for discharge 13044
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Figure 5.13: Recovery of AUG g-profile for discharge 13099
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ITB recoveries The JANOS FPJ recovery of the first 4, Figs. 5.14- 5.17, ITB
discharge’s g-profiles agree, in general, within g, error bars. The exception being channel
8 in discharge 13130 in Fig. 5.15 which was already discussed in chapter 4. In each of these
4 recoveries, as in the JANOS FPJ recovery in discharge 13012, the CLISTE q-profile is
either outside or close to the JANOS FPJ error bars in the plasma region between the
outermost MSE channel and the region of the plasma when the magnetic diagnostic are
able to recover the g-profile. Discharge 13130 in Fig. 5.15 shows the CLISTE q-profile
outside the JANOS FPJ errors at the edge of the plasma where the accurate recovery of ggs
depends on the magnetics measurements. Discharge 13108 in Fig 5.18 had unreliable MSE
measurements in channels 8-10, these aside for the rest of the profile the JANOS q-profile
and gz, agree within error bars. For the first 4 ITB discharge there is good agreement
between CLISTE and JANOS FPJ for the value of g,,;,. For All the I'TB discharges
there is good agreement between ¢, and JANOS FPJ and there is poor agreement
between CLISTE and JANOS FPJ outside the last MSE channel. The database results
in Figs. 5.1(i) show the database t recovery is poorer for JANOS FPJ than PCA FPJ
towards the edge the plasma. This indicates that the JANOS code is optimised to recover
the g-profile which is spanned by of the MSE channels.
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Figure 5.15: Recovery of AUG g-profile for discharge 13130
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Figure 5.16: Recovery of AUG g-profile for discharge 13148
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Figure 5.17: Recovery of AUG q-profile for discharge 13149
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Recovery of AUG g-profile for discharge 13108
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5.4.3 Summary of the JANOS FPJ and CLISTE qg-profile Re-

coveries

As in section 4.5.2 it was decided not to present summary statistic of the AUG recoveries.

The general trends present included:
e As before the various scenarios, with variable I, and B, , were well recovered.

e As before in general for reversed shear discharges the FPJ and CLISTE recoveries

of gmin agreed within g, error bars.

e JANOS FPJ and the best possible PCA FPJ accurately recover AUG g-profiles in

the region of the plasma spanned by the MSE channels, within experimental error.

e JANOS FPJ is seen to have difficulty in recovering the g-profile outside the region
of the plasma spanned by the MSE channels.

5.4.4 Extended JANOS FPJ Confidence Limits Analysis

In this subsection the same test as in Section 4.5.3 is used to demonstrate what current
density profiles are possible within FPJ confidence limits. Discharge 13154 is again used
and the results are presented in Figs. 5.19 and Fig. 5.20. The JANOS FPJ error bar are
wider than the best possible PCA FPJ recovery in the previous analysis so more database
profiles fit within the JANOS FPJ error bars in Fig. 5.19 and the extra current density
profiles are presented in Fig. 5.20.

In the central region of the plasma it is striking that although the JANOS FPJ error
bars are very large but no database g-profile with large reversed shear fits within the
profile. There are two possible reasons for this; it is possible that there are no reversed
shear profiles in the database. The other possibility is that the very reversed shear cases
fit within the JANOS error bars in the central region but these profile do not fit within
the narrower JANOS FPJ error bars towards the edge of the plasma. This implies that if
it were possible to take into account this lack of fit of reversed shear profiles towards the

edge of the plasma it would be possible to narrow the central FPJ error bars.
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Figure 5.19: CLISTE recovery (black line) and JANOS FPJ confidence limits (red
line) of the g-profile for AUG discharge 13154. Also indicated are the simulated AUG
equilibrium database q-profiles( ) which fit the profile within JANOS FPJ error

limats.
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Figure 5.20: Selection of the associated simulated AUG equilibrium database current

density profile which fit within JANOS FPJ confidence limits for 1315/
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Chapter 6

Conclusion

The principal theme of this work has being the integration of MSE diagnostic measure-
ments into an FP model with the aim of accurate recovery of AUG’s g-profile. A general
description of the MSE diagnostic is given in chapter 1 along with an outline of the MSE
diagnostic setup on AUG. A description of the FPJ model along with an outline of the
database of simulated AUG equilibria on which it is based is given in chapter 3. Database
g-profile recoveries are presented in this chapter. In chapter 4 a sample of AUG qg-profiles
recovered using a standard FPJ model is presented. In chapter 5 a novel FPJ approach,
which optimises the model regressors to maximise the recovery of the + profile, is pre-
sented along with a sample of AUG g-profiles are recovered using a this JANOS FPJ

model.

It was shown that it is more correct to recover the ¢-profile, the inverse of the g-profile,
when using the MSE diagnostic measurements as the primary diagnostic in FPJ g-profile
recovery. The g-profile is then found by inverting thes-profile. The MSE diagnostic
measurements are proportional to By , as are local ¢+ values for fixed flux surface topology.
The g-profile is proportional to 1/By and this relationship leads to heterscedastic error
propagation when the recovery is dependent on the MSE diagnostic and is detrimental to

the FPJ regression model.

Another difficulty encountered is that the MSE channels are fixed in space while the
plasma’s geometric position is variable, thus the position of the ¢ profile is variable.
For this reason it was decided to recover the ¢ profile over pn;q co ordinates which are
determined by by the flux surface topology, and are already reasonably determined by the

magnetic measurements and thus the geometric position of each local ¢+ value is known.
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The MSE diagnostic measurements is proportional to By and By goes towards zero in
the central region of the plasma. Thus there is a large error associated with the central
MSE channels, and it is possible that if some of the MSE channels are close enough to
the centre of the plasma the finite error in these measurements will give rise to infinite
uncertainty. This phenomenom is demonstrated by the extremely large g, error bars in
the AUG g-profile recoveries in chapter 4. As the MSE channels only span about 3cms
in the vertical direction and as the position of the plasma is variable it is possible for
the MSE channels to be distant from the centre of the plasma in which case it is not
possible to accurately recover the central region of the g-profile due to the lack of MSE

information.

From both the standard PCA and JANOS FPJ database recoveries of the ¢ profile
it was demonstrated that the RMSE of the recoveries is worse towards the centre and
more accurate towards the edge of the plasma. The very large errors in recovering + in
the central region of the plasma are dependent in part on the position of the plasma, i.e.
whether the MSE channels are present in this region or not. By definition the FPJ RMSE
is a database averaged error value. The FPJ confidence bands which were presented are
based on this RMSE and thus for discharges with central MSE channels RMSE based
FPJ confidence bands can be overly large. In future work this fact could be used to
make more conservative FPJ confidence limits. Also work has been done, Appendix E,
to try to take into account the vertical position of the magnetic axis in relation to the
MSE channels. The results seem to suggest that a relationship is present but were not
conclusive enough to include it the bulk of this thesis. The accuracy of ez in the AUG q-
profile recoveries indicate that periodically, depending on the discharge, there is no useful
information gained from the central MSE channels. This is a reason why the inclusion of

such channels into the FPJ model must be questioned.

The JANOS 16 LCs based FPJ model compared well with the PCA 25 LCs based
FPJ model when comparing the accuracy of the recovery of AUG g-profiles in the region
spanned by the MSE channels. This bodes well for the JANOS model. A negative aspect
of JANOS was the apparent difficulty this model had in recovering the edge g-profile.
It should be noted that the AUG FPG (magnetic only recovery of plasma parameters)
had difficulty in recovering ggs with only 16 LCs for this database, which differed from

previous databases in that it has a much greater number of free parameters in the two
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source profiles for the Grad-Shafranov equation. This ,along with the fact that the JANOS
FPJ LCs also include MSE measurements, implies that more than 16 LCs are needed to

accurately recover the outer g-profile.
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Appendix A

Derivation of the Grad-Shafranov

Equation

Derivations of the Grad-Sarfanov equation can be found in any fusion orientated plasma
physics textbooks. This derivation can be found in [62].

The basic strategy of the derivation is first to exploit the axisymmetry in order to
deduce the general structure of the magnetic field via the equation V - B = 0. This
enables the field to be expressed in terms of a gradient of a scalar flux function. This
representation of the field is then substituted into the equilibrium equation J x B = Vp.
The two prescribed arbitrary functions correspond to the pressure gradient and a function

which is a measure of the total plasma current in cylindrical coordinates (r, ¢, z).

This gives

10(rB,) 0B,  10B,

r Or +8z+r8q5 0.

By the assumption of axisymmetry, we have 2 = 0, and so B = B(r, z) only. This
99

allows us to introduce a flux function to represent the field components in the poloidal

plane,

_ __o
0z O

or, more succinctly,
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1
B = ;Viﬁ X é¢ + B¢é¢ (Al)

Having obtained the field, the plasma current can now be calculated using Ampere’s

law. The components of the current are

0B 10(rB 10 10?
/‘LOJT‘ = ¢ J,=—- (r ¢) /‘LOJ¢ 87" ( w) w (AQ)

0z’ Hodz = r or ' ror)  ro2’

On grouping the poloidal and toroidal components of the current, this may be written

more compactly as

1 1
/L()J = ;V(T’B(b) X é¢ — ;A*’(/Jéqg (A3)

with A* representing the differential operator in this coordinate system.

0 .10 0*

A* =’V - { V}_r—{—— +33 (A.4)

Now the expression for the magnetic field given in Eqn. A.1 and the current Eqn. A.3
are substituted into the equilibrium Eqn. 1.20 J x B = Vp. Specifically, if we examine

the ¢-component of the equilibrium equation, and once more appeal to axisymmetry,

(JXB)-é¢=Vp'é¢=O (A5)
1 9(rBy), 109 ( $)1 10
{W or }{7" 0z LoT }{r or (4.6)

This states that the Jacobian of the function rBg/juy and 1 is zero. The vanishing
of the Jacobian implies that 7By/uo = F'(¢). Now use the fact that the field lines lie in
isobaric surfaces:

10¢0p 10¢0¢

1 R
B.Vp:;vdjx% (VP)pot = r or 0z ;55:0 (A7)
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which is the Jacobian of ¢ and p, hence p = p(¢)). If we now write down the r-

component of the equilibrium equation:

B).é. = - _
(J xB)- & or {,uor or u ror

(A.8)

Using the fact that both p and rBy are function of ¢ we get the Grad-Shafranov

equation

dp(¥) 0 1dF () 0y ([ uoF () 1, 10y
dy or  r di 67'( r >_MTA ror’ (39)

which can be presented in the more familiar terms of Eqn.1.27

—A*p = pr’p' (W) + ff'(¥)
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Appendix B

B¢ and the Grad-Shafranov

equation:

The purpose of this appendix is to demonstrate that the Grad-Shafranov G-S equation is
independent of By, [33]. From the scaled G-S Eqn., where ¢ — a1},

1d 1 d
—alY = MORQE@JD((W) + %@FQ(OMP) (B.1)

is seems obvious that to preserve the equilibrium p(at)) = a?p(v)) and F?(ar)) =
a?F?(y)) thus F(aw)) = aF (¢). This is indeed true for p(1)) which does scale with the
square of the plasma current when the profile shape is unaltered and By is conserved.

However F?(1)) is an affine function and thus scales differently. F?(¢)) can be written
F*(¢) = F§ + 0 Fyjauma(¥) (B.2)

where Fy = R By, is the constant value of F' and the plasma contribution §F,, ., (¥)
is given by .

Fmal) =2 [ £(5)a0 (.3
where ff’is one of the G-S’s source profiles. Like p(¢), the plasma contribution §F%(1))
scales with a?. The vacuum contribution F¢ scales with the square of By, . Let ¢ — a1

and Bg,,. — 8 Bg,.. , now

F(oth, BBoua,) = \/ 25 + a26F2 (1) (B.4)
Differentiating w.r.t. ¢ yields
' 042ff,(1/))
Flav Bou) = o e (B.5)
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Multiplying Eqn. B.4 by Eqn. B.5 gives

1 d

1
sy T (00, FB) = - F(a, By, ) F (0, BBonc) = af['(9)  (BS)

as required to preserve the equilibrium under the scaling in Eqn. B.1. Thus the product
F(at), fBg,..) F' (1), BBy,..) is identical with B,,,. independent source function ff'(1))

and hence the Grad Shafranov equation is independent of By, .
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Appendix C

CLISTE Interpretive Equilibrium
Code

Overview The following appendix is reproduced from [27] and is meant to serve as a
brief introduction to the CLISTE code. CLISTE is an acronym for CompLete Interpretive
Suite for Tokamak Equilibria. The CLISTE code finds a numerical solution to the Grad-
Shafranov equation 1.27 for a given set of poloidal field coil currents and limiter structures
by varying the free parameters in the parameterization of the p'(¢)) and F'F'(¢)) source
profiles which define the toroidal current density profile js so as to obtain a best fit in
the least squares sense to a set of experimental measurements. These measurements can
include external magnetic data, MSE data, kinetic data, SXR measurements, etc..., and
the free parameters are varied such that the cost function, i.e. the squared modulus of
the vector of (weighted) differences between the set of experimental measurements and

those predicted by the equilibrium solution, is minimised.

CLISTE Algorithm: During each iteration cycle, a linear optimisation of the free
parameters in the p'(1) and FF'(1)) profiles is carried out. The linear parameterization

of the source profiles is given by

P =3 em(y) ©

mpr

FF'(Y) = Z djpi(¥) (C.2)
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where 7;(¢) and ¢,(¢) are arbitrary functions of ¢ with fixed coefficients and ¢;, d; are
the free parameters in the problem. Thus 7;(¢) and ¢;(1) constitute the basis functions

of the plasma current distribution where v is the full equilibrium flux function from the

previous iteration cycle. New poloidal flux functions 95" and ¢p%; are found from the

updated equilibrium flux function after solving the ‘Poisson problem’

52 new 1 5 new 52 new
o pi L U ¥pi Pyl _ 2
( SRZ R O6R | 022 ) HoRmi(v)

2,/,new new 2,/,new
(VR LOVEE | SWERY _ ) (©.3)
O R? R R 072 I
separately for each ;%" and ¢%;. Note that Eqn.C.3 takes care only of that part

of the updated equilibrium flux generated by th plasma current distribution. The full
equilibrium flux also includes the contribution from the external measured currents, which
are held constant. In terms of the as yet undetermined coefficients ¢; and d;, the updated

full equilibrium flux is given by

Myp MFF
Y=Y el + Y e (C4)
i=1 j=1

The solution grids for 1,5 and ¢35, yielded by Eqn. C.3 are passed individually to the
routine which calculates the predicted measurements from the flux function. In this way,
a matrix of m,+mpp columns of ‘basis values’ b, (n =1, ...., Np), k=1, ....,mp+mpp)
is constructed for N,,, measurements. The values of b, is the contribution to the nth
measurement, prediction per until strength of the kth basis function. An extra column
catering for the vertical shift parameter is added to the matrix by calculating the change
in each measurement, when its Z position is shifted by -1cm. This gives the sensitivity per
+1cm shift in the plasma vertical position. An additional row is added to the matrix for
each regularisation condition on the free parameters. If B is the data matrix and y is the

vector of measurements less all the contributions from the measured external currents,

then the optimisation problem reduces to solving the linear regression
y =B.a (C.5)

where « is the solution vector of optimised free parameters for the present iteration
cycle. The equation for y, in the overdetermined system of linear equations which con-

stitutes the linear regression problem is thus
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mp+mpr+1

Yn = Z Qbn (C.6)

k=1

Once « is determined, the full equilibrium flux grid is constructed. The plasma flux
function 1)p;4s is computed by once more solving Eqn. C.3 where the right-hand side now

is the full 1194 profile constructed from the first m, +mgr elements of the newly obtained

« vector:

52¢pl 1 5¢pl 52¢pl el =
J— as _ as as = R2 ’L Z d y C7
( SR2 R OR + 572 Ho ;CW(¢)+; i (¥) (C.7)
Finally the external flux contribution ), is restored to yield ney = Ypigs + Vegt- The

entire procedure is iterated until a user-specified convergence criterion is satisfied. For a

more detail description, refer to [27].
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Appendix D

Mahalanobis Transformation:

From Eqn. 2.3 it follows that the covariance matrix for the n x p X matrix can be defined

as

Sx=— Z(z — %) (z; — %), (D.1)

Note that this matrix can be equivalently defined as
Sy =n ' X'X — x%x' = n 1 (X'X — n I X'IT'X). (D.2)

Eqn. D.3 can be rewritten as

S, = n 'X'HX (D.3)

where

H=1-n""II. (D.4)
H is called the centring matrix and is symmetric and idempotent (H? = H) this implies

that S is positive semi-definite (S > 0).

Consider the linear transformation
Y = XA’ (D.5)

where A is a ¢ x p transformation matrix. The covariance matrix S, is given by

1 1
Sy = = Y'HY = —_AX'HXA' = AS,A’. (D.6)

n n
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The Mahalanobis transformation is a linear transformation where

A=8, 2 (D.7)

The covariance matrix of the Mahalanobis transformation is
Sy = Sy 78,8, ? =1L (D.8)

So the Mahalanobis transformation eliminates the correlation between the variables and

standardises the variance of each variable.
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Appendix E

Variation of A+ w.r.t. position of

Zmag

As the MSE channels are fixed in space the accuracy of the FPJ recovery of the + profile,
and hence the ¢ profile, depends on the position of these channels relative to the plasma
position. The MSE channels span 31.9 cm in the horizontal direction which, for an average
tokamak plasma equates to p,;,q = 0 — .7. But the MSE channels only span 3.2 ¢cm in the
vertical direction and a vertical displacement of the magnetic axis away from the MSE
channels leads to a large added uncertainty in the recovery of the inner + or ¢ profiles.
The large database variation in the vertical position of the magnetic axis Z,,,,, see
Figs. E.1, E.2 | leads to an increase in the regression RMSE of each fixed p,,;q ¢ regression.
This problem was explored by segregating analysis of the regression residuals using Z,q,-
For each ¢ regression the residuals are sorted into groups by Z,,, and the 'local’ RMSE
found. For category 3 plasmas, although the /A + are not monotonically increasing, there
is a definite trend of increasing A+ away from the position of the MSE channels (Z
~Ocm) in Fig. E.1. For category 4 plasma the trend is more pronounced with a definite
global minimum of A+ situated at position of the MSE channels in Fig. E.2. The author
acknowledges that the analysis of the variation of A+ w.r.t. Z,., is not complete but
the aim of this appendix is to outline that more accurate error analysis is possible with

the inclusion of the variation of A+ w.r.t. Z,,,.
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